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in all reef sets) in one of his theoren (in seetion 2.2) 
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l^tiii Axml^vr# at»xi4 t^w 'Ite in lli« 

'l»liiil©i*m..% mt ^ •a4# for tL3)'^»of«r« to tfe« 

tlatrA mtk Sa aorial oiaior ilotiNl to w'litofe i» 

a^iiraapNI III «l.|iutl»«ti««^ m^r toe leet »omi« of tlit wtoW'# 

toir to -xesoXto m 4if tolttooe to tte 

««eto»t of too touieto oxo motoere^ ottli tiwo# 4 iglto vltoto o 
l«festli»»tof too fifot oteitotos for toe toojptor omooimocitr too 
snomi tW' tiMi tootiodi of ttot to oootoxtf mt& tio loot 

ooo for tlw roforwot OOBireO* tin te' oxooplot 
noM tto tmto xotolt or 4 «rtoitioo to toe fowrto eeottoo of oi^iftor 


two* 


Seotim of sack oliaptor are aial»ered witk two digits » tke 
first isdieatiiig tlte chapter e<mceraedf and t he secoM its section 
in context • for example « 3*3 staads for tfee tMrd seetitaa of 

tbs fifth eliaptsr* 

i scsber of Ibe sgrsbols used ia this thesis are standard* 
iffloog these arei the sfsbols for set Inclusiw A "o A includes 1, 
A C; B A is eotttaitttd in B} a & A, a hsloags to the set A} aA» a 
dlrldSB h* following is the list of scbhs of lbs symbols and 
notations* 

Z m ring of ratioaal integers 
(b.* rational field 

B-yiorB'^BoHisa subgroup of B« 

146^ or B <• B is a normal subgroup of 
d41 or,B.^Jf « J is a two»sidsd ideal of 1 
^ • Isomorphic to 

Ohar f *» charactexdstic of the field f 

R 

E m left regular l-module 
H 4> Bt 9x%mxml direct mm 
K01lt internal direct sm 
A*C*Ct ascending chain condition 
B«C*0y descending chain condition 

Hoii^CM,l))> additlT# group of R^duHsomorphiass of If into 
M®g,B » tensor product of ri#t E>««»Suls M and left I-modiile' I* 


w induced modt;Q.e* 



0*2. A Brl«f Surr^ of Pxoblemst 

first tBres chapters of the thesis are doTOted to the 
diseuselon of general ring theory while the last two ^apters aix& 
devoted to Itoe study of group-^ogs* 

}ii Chapter I we give a characterization of 'direet-sm of 
division riags*« We have defined an associative ring H with unity 1 
as Iffi-rlng if it satisfies condition D given below t 
Condition Bt 

If V p Q in If then there exist non-'Zero eleaents r* and e 
In B such that 

(i) rr* » x*T » e^ »= (e^) 

(ii) r*e^w e^r •» r 
and (iii) rifce*‘« e^r*» r» “ 

We tdieen have that every division ring and every external 
direct-sum of a finite number of division rings, are BB-rings, fhe 
problem here is to consider the converse of this i»e» when is a 
BD-ring, direct-sum of firdte nuaher of dlvisicm rings* A BD-riag R 
is said to have the intersection pioperlgr it eveiy^ descending sequence 

St 

of non-trivlal ideals of ths fora Re has a non-trivial intersection* 
fhen we have solved the problem to extent stated in the following 
theorem* 

“Every BB-rlng B with intersection proper^ ie a unique 
(identically) dirsct-eum of division zings” • 

Zhs importam>e of the theorem is because of importsurce of 
division rings in the study of Algebra. 



Xa Oliaptcr II » w« preseat a general theory of Idealizes 
for groups and for rings, classify ideals in principal ideal domaias 
in tenas of their ©lass nusdjera soad gire a characteriaaticax of 
irreduoihle k'^ffianifolds* ¥e define the Left-Idealizer of an 
el^ient x in a set A (on which an algehraie composition of 
imaltiplication is defined) with respect to a sutset S of A follows* 
I'gW * *^y in Ai yx is in s\ 

Similarly we define Itoe Ei^t-Idealiaer S„(x) and two-sided 

D 

Idealimer Ig(x)» 

3ja SeCtim 2*2 we gire a gmeral theory of Ideallaers for 
groupsf introduce a topology with the help of certain types 
of Idealisers sB*ch that is a topological group* We-^eewe 

ft»ther '"'’toat-'if , 5 is nilpotent- end-- -icdfiaected-then it, muot be. 

■alMilian*---.*wpthe?-we“-giw--'se«»-''rea«^ ia»fr''-relatiiOh.,.b.Qlav©eaa; 

the ' -connected ' component-o-f ideatity- and ' 

In a similar way in Section 2*3I> we glre an Idealieer theory for 
rings and discuss its importance in the study of 3:lnga* 

We define the olass^number an ideal S of a unitary ring B 
to be the nuntber of distinct equlwalenee classes of B wider tliM 
equlwalence relation given by 

for r^fXg in B we say r^ rv, iff IgCr^) « ^IgCrg) * 

3h a principal ideal domain, we have been able to classify 
tlw sst of all ideals interms of their class numbers as follows* 



2d a primipal idaei domin evexy idaal B 6m l»e wrlttoD in 
tl (0 foxa S « wbere P^ ar® tletiael: priaa 

IdaaLs tlwi m ham shown that ths class nimher of S is 
(ffl^ ♦ l) (jBg ♦ l) — { 5 ^ 1 - + t). fwo idaaXs ham Ihs aaos olass- 
niffliber Iff thN^ havs ths sane noBd>er t of pEXlas faetors with the 
saas sat of indleas C»^t — — f a^) ®>rt:X3>x 

Piaallj in Seotlon 2*5 m define a le<<aanlfold with respect 
to a prime ideal k and prore "A iMoaoifold It is irreducible iff the 
ideal B* beloagiog to X is prims* 

ha. Chapter HI we discuss relatiire»parG4eetivit3r £roperty^ 
for general r lags* l«t 1 he smjr uaitarf ring and P he a onitarsr 
aohriag of B such lhat 1 is a free ri^t module owsr P with a basis 
i in far some lndaK»set I* We say \b» P^ has Property*^ 
with respeet to ths basis x^ If ^ Xad B implies each 

« a.d r. to ca«. «!. e«4i«lil3- of I i. Itolto « taro oho-B 
that Property ^ with respect to ode basis implies the same with 
respect to any other basis* fe hare prored Ihe transitivity of the 
Properly ^ * fe have stootw that Property ^ is strongly related 
to relatiTe<*peoJ|ectivity» whieh wiU be further supported wh^ m 
dissuss applications to group rings in Chapter T* 

]h Chapter 17 we deal in details with different types 
au^ntatiw maps and ex^mentatlon ideals to study groups mad 
group rings* which show the power of wsgaentatim theoxy iu 
study of groups and group rings* 



If 1 » 10 is %1m sxovLp rl»g of 0 OT»*r B cEid A « - 

thf lowox* eotilrinal eorios of A tboo becro pzoTod atb inTorse imge 
mdor augoeafafim of tbia aerlas oootalJ&s 1^ otb texm of tbe lower 
oentral serlea of 0* We obtala aarerai faporteat resiilta about 
oentral ebaioa of groups sand group xlogs* Sh«a we <^ar»:terlse the 
interse tiasge laader augMatatiou snap of bso^ Ideal eoutaioed in the 
Xagnoa ideal of an integral group ring haTrlng ooly trlTial uBits in 
teme q^wwi-regular elements* 

In Section 4*4 we generalise the noticma of different types 
of aupsteatation maps with reapeet to a subgroup of the gro^ of all 
autoitiorphiaaa of group 0 containing the m}xml subgroup of all 
imer automorphiieiBa of 0« We have proved duality theorem whi^ 
enables us to consider only upper and lower augamntationa instead of 
left ^rii^t) upper and left Crl#t) lower augmentatiooi • lx Section 
4*!^ we give the htaaology sad cohfsialogy theories of special types of 
augmented group rii^s* 

m Chapter t we hare shown that fropwcty ^ and jinrojeotiva 
pairing art strongly related to each other* We hare proved a sort 
of converge to Clifford's theorem see Curtis and lienor , 

Ih '0ae last section we prove a theorem on ohsraeter hemels of 
difisirete g roi^ps as a eoxollary to which follows the restilt of 
^‘'^.fassMsn. * 



OlAlfES - I 

m BUBCf-siiEs <a» Difisidf mss 

t.t* IHURGDSOflCHi 

Xli« nalB purpoBS of 'tills tiiaptsr is to givs & eimracterizatioii 
of 'tirsot<*-sufli of dlYlsioii xlsgs'* fl»m#i out tills elisptsr 1 ivill 
stand for an assoelatlrs ring vltii onlV 1* naar ttaat 1 is a 
llHciJag if It satisfiss scmdltloii B girm l^slow. 

Oonditlcn Bt 

”311 r / 0 in £y tbtti tiisxs sxlst aon-Bsro slssmitB r* and s^ 

in E 0110I1 

(i) rr* w r*r • #*• (s*)^ 

(11) r.s*«i s^r m r 
(ill) rts** i?Jr* » r* . 
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W« thm ItetTe diTlaicm xlog md erexy ttxl^exn^ 

di7eet**sini «3(f a finite number of dlTieion ringei are BBringn* 
problem here ie to oouelder tbe ctmTerse of thia i*e. eben is a 
Mixing a direet ana at finite nwber of dirlsian rings* First we 
prove stame elenentaxjr properties about DPrings* We i^uaw tbat a 
lib-xlng lias no non*>trtvlal nilpot<sit elenents* Xben we eaidljr get 
that evergr hOKoaoriMe Isage and erersr left (riibt) ideal of a 
BD*xing is again a BBozing • Further we get that evezjr s i niat al 
left ideal B in BB-rlng E is of the fom B » l.e* for eveiy non-sero 
element a in B* Applying these results we have an iaportmt theozma 
(l*2«t5 in next seetion) 

"for any a 0 in a BD-rlag S* the left ideal B * Se* is 
minjaal iff e^e^ is a division ring"* 

Frooseding furthsr we obtain that every (aie*^ided sinlwa l ideal 
in a BB-ring is two-sided and two ainiiBal ideals In a BB-ring 1 are 
B-isomorphie iff thay are Identioal* 

A BB-ring 1 is said to have the interseetion property if every 

fit 

desoendiBg sequsnoe of non-trivlal Ideals of the form Be has a 
swm-trivial interseetlon* then ws prove tsat a BB-rlng with Interseotlon 
ixroperty contains a minimal idsal* We have then that every minim a l 
ideal Is an B-dizeet smiai^ of B* finally we prove the rnadn result 
of this chapter as followst 

"Bveiy BB-ztog B with interssctim property is a wl^ue 
(idontioally) tireet-simi of division rings”* 



Seetloa t«2s Qa mseot-surna of BlTlsloa ^Bgai 


Iiet S 1i« a sring wltJi its Jacobson radical j(il} nfiiicti is the 
iaterseetion of His aaxlaal left ideals, equiiral<mtly J(b) consists 
of all z in B subb tbat f<»r all 7 in B, 1o3i;jr lias a left farerse* Da 
feet J(b} is also the inteneetioa of the aazliflal li^t ideals sad 
J(l) comsists of aU z in B such that foz all 7 in 1, 1-37 has a 
xii^t inverse l*e* J(b) * ^z la B* l-ay is a utilt for all y la 1 ^ . 
Definition t 1 is ealled ecni^primltive (sesiivsimple la the sense of 
jraeobsan) if J(l) « 0* 

Sie following standard example of a eaal*primitive ring is 
often quoted! 

"let B be the eztezaal direct sum of a division rings 


+ »n < 00 ^ f hen 1 is a seod^priailtive ring” . 

X.z:.\ 

In fact B has ainimum-oondition for its ideals, and more 
partleularly, B has no non<>trivlal nilpotent elements* Burther let 
r be an element of B. fhtti r » (r^, r 2 ,»**»*,r^) where r i^^tfor 

^ ^ ‘H' 

1 » 1,2, •••«.,» respectively. Define r « Cr;,,r«, ,r ) by the 

f «• M 

t.2.2i /O If r^ * 0 

» ) 

'1- 


*r^^ lf r^/ b 

r / r r rx 

ilso d«tine e « (e^, e2,«....,e|^} by the eondition that 



if r » 0 


if r^/ 0 idoere is Hie idmatity element of Ai • 


1.2.5* 



Sh«ii it i 0 sasliy computed l^at aoj elemant r la 1 satisfied 
'ttis foXii n g camditioms siileh fcgr couT^iieBeef we dialX zwfeip to as 

ccmditiGii (b)> 

1»2*4t r 0 in 1» thm Ibese eidst aoja^sero elemeBts i* sad e*^ 
la 1 sucdt ttiat 

(i) Tt* • 1C*T m m 
(tl) r*e*» e^a * a 
(iU) **.8*“ » • y*. » 

We atoaee li«.Te 

]jtt«sa 1*2.St r» aad e^ act miqtMljr deteraiaed foe aHy c 0 la S* 
tcoof t Xat aad tl^ ba any two oocreapmdiag eXtswaats satief^rlag 
(l), (il) and (ill) abovo, tben 

e^,e^ « ***»^ m I* (ct*^) « *|r » e^ 

» e^+c I* «* (e^r)«c* » rr^ * e** 

3P IT * ' 

ta e « 

Hao tbta » r|e^ » r| it* • (c|c)c* » a*c* m jp* 

UoflBitiOtt t.t.ei A dug a wiXX be called a ®3J-ciBg if it sattafias 
c<mdltlac (a)* 

Wcoa tbe exam|d.e abort f it is dear tliat treiy dirisiea dag 
and evozy extecoaX direot«eiiB of a finite amber of dlrisioa rlngSf 
act S0*claga* We irort 1>«Xow eone eXffineatazy propecties at IB-dnga* 
^Ebitocem t«2.7t A ia>-dag 1 ham m smi-tririaX alXpotent eXmants* 



Proof! Sappoae r in B hm r^ "O for Bane fimit* posltiTB fatBgor 
Mt tkiBtt r • r (rr*) » r .« » r • 0 
X& a fSAlto mmbor of steps we show tbat r « 0 is 1« 

CoroiIax3r t*2*8f A MKriag has bo aon»triTlal Bilpot«at OBe’«*sided 
or two*8ided ideals* 

flaeorem 1.2 .9* Breiy hoaaaorpMe iaiage sad sTery left (ri#»t)- 
Ideal of a UKriBg is a IHKrlag. 

Proof! I«et f he SB mto hiaaoaorphias of B oato aaoidier ring S. 

fhen girsB s is S« there exists r ia B sooh that f(r) » s. 

]^st s* • f(r*) and e* » f{e^) 

It is easily xerified that Sf s*» e* eatiafy eoaditioB (p)# 

Bius S is a USHring. 

Ifext let Ii he a left ideal of S. If Ii » (O), mm there is 
nothing to proTS. If L jnC (o), mm let k in £ and k / 0. fbere 
exist ^ and e^ la 1 satisfying eoaditioa (d). 58»is k*^ *« e^ is in 
h and also k?^ » If.e is in I* Shus exery eleaeat 3Ui 1 satisfies 
condition (d) in Ii itself# so I. is a Bl-rlng in its own right. 

Sifflllarly we ean proxe that exea^ ri^t ideal in B is a BD-ring. 

Definition l*2.10i A subring f of a ring 1 is said to hs *»seaii*e«atral» 
if for all eleasents Xty in f# thsre exists «n slenent @(x#y) In 
f sash Hurt ay «* ^C^cty) x. 
fh«a ws proxe 



Tb«oi«tt Iwiy atatml left-ideal 1 in a WMsim ^ !• 

8eai«eeat]ral aad liav 13ie fozm £ m for evexy aoti-^exo 
eleaent a ia Ii* 

Proof I If Xf7 are nm-eero elemeats of L, ISNm by fheorea 2, 3c», 
are all ia li* 3«aoe l«e^ I. %- tbe adaiaallly' 
of 1*9 ei’^bter Se* * 0 or le* » I. 

Staee e**#* • e* / 0 ia in Be*, «o le* « %» 

Smf eiace e^ ie aa Meapoteat elemeatf so It ie a ri^t 
uaity in I* Heoee, agr » aye* • ayr^x » C(x,y)x idiexe 0(x,y) ** ayx*, 
is in 1 again* 

Sbns It is wsL-eentral* 

Q*B*Bt'* 

Corollary 1*2«12t Xhe endoouorphie ijaages of additire group (l»4^) 
Older riglit anltiplieatioi by the eleaeats of a miniTBal left 
ideal are inrarlmt under these wadoaoriiilffDs* 

Proofs If a>b are any two elwwnts in It» Him G(afb) is defiled in 
1 sneh that ab » c(afb)«a 
Benee (la) b » B* C(a«b) J a B*a 

fhns eaoh Ba for a in L is in vind.ant noder rightHOultiplioatian 
by any elesMtat b in 

frost aboTtf ere loee the following theoreeif 
HieoiraBi 1*2*t5t for any a / 0 in a BIHcdng If Hie left ideal B » le^ 
ie ainiaal iff e\e* is a dirisitm ring* 



ftroof » fint l«1t a diirisicm ring* Iiet M bo a left ideal 

in L and a / 0 is 1& X. fe assert; that e^.m 0. Fort let 
o\pO* e*(m*e*^) *0, as e^ is a ri^t aaaity in I* Henee 

BO^.ao^ « a (e®a»*^) » 0 a^* (ae®)^ «* 0. 

Bat bgr i^eerea 1«2*7» R has no non-tzlTial nUpotmt eXeaents* 
Benee a » 0 centrax;^ to our asaiatptiaa tbat a / 0* Xhus o m fi Q if 
a 0. 

ft ft i ft 

loir lot X •> 0 a a« e ao ohioh is therefore a non<-sero element of the 
division ring e^Rs^. Bence it has an Inverse x* in e^e^ s^h that 
x*x * e^n the unitgr in e®Re®“, 

fherefore e^ is in H so that Be^ « I « X* fhus B is a miniiaaX 
left ideal in B* 

Conversely let I * Be* be a miniaal left ideal In S and #%e®^ 
be a non*8ero element in e*Be*, since e®Be® cl so H(e%8®) e HI c i 
lot R(e®xe^) is a left ideal in S and e*(e®xB*) » e*x»^ 0 in it, so 

in view of the miniaali'ty of 1 we have l(e%e^) * !• Hence 
(Ee®^) (e®xe®) « 1 so that there exists x' in R (x'e®) (e®xw®) » e^. 
®i«B (e®x*e®) (e®xe®) m e**e® • e®, so that e® x*e® is the inverse of 
e®xe®* llQius e®&i® is a division ring* 

Q.E.1* 

SImilarlar, we eon prove that 

SBheorem 1.2.141 A ri#t ideal 1 » e®E f car mm aon-sero el«m»t of 
the HHring 1, is minimal iff e*^e® is a division ting. 


We than havei 
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Sbioregt 12 *151 Bfez^r a!ift*8id«d minimal ideal of a iD-^dng B la 


tvo>8idad. 

Ptooft litt L ae a alnlaal lefl ideal of B. % theoirwa 1«2*11| 

L * Ba^ for a aoiiHiero element a im igr ‘tileorea 
la a dliriaiQa ring* Waim % l&eorem 1*2.14 t » e\ la a 
minimal ri^lit Ideal in 1* 

Sljr theorem 1*2 *111 if x / 0 In lif tlmn I* « Be also* Henoe 

X ^a ^ . a X a ^ . ^a a a a jc a a „ 

e *0 * a aim e .a «> a • But a *0 * a * Henee a a *• a a « 

aoea>0«a(a*e}* 


®dan (a***a*^) (a*-a*^) « e*(a*-a*) - a®" (e^-e®) 


X/ X a« 


X an 


XX X a X X ^ 
m a *8 — a *8 « e <■0 


3|f tliaorem 1*2*9y a*H8* «* 0 or a* ■ a® 

a^ ie in 1 for araiy non^zero x in B* 

IBiarafora x • a^x ie In 1 ao that i » I> ao L la two-aldad and 1 too » 


Q.E.B. 


Brim the proof «a imm 

Oorollaxy 1*2. iSi If Ii la mlnladl ideal In a IHHring H a*»»a is 
tlia aioia for aeolt x 0 in li* 

Cordllaxy 1.2.171 If 2* • E*a* la a minimal Ideal In a JiHciag B* than 
li * 9%M^ ia a dlTlalon ring* • 

Proof# Be® » 3* w I • e®B, Idiua e® is a t»o-^ded vni%^ in ao that 
m e*Ii » e^a® ia a divlston ring iif ttworem 1#2*13. 

Q3.2>. 


Kora genarallir me have 
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fheorem 1*2 *18! Every left Ideal It in a DD-ring S which has the 

f ortR 1 » E ,e for some non-zero a in E , ie a two-sided ideal 
of the form L « e®Ee^ 

SL ^ 

Pix>of * M X in Ii 3 e X a 0« Since M L and 0 Is a 

right uni-^ in It* so Ma^ » M. Then 1!^ * (Bie^) (Me*) » M (#^)e^ » 0 
hut by corollary 1*2*8, it then follows ihat M « 0. 

Now for any k in I», e^(k-e\) » 0 which now implies that 
k-e*Sc » 0 or k »« e®k* IChus e* is a two sided unity in 1 and 
It » Ee^ *« e^ «» e*Ee^« 

Now if I »» e®E is the oorrespcmding ri^t ideal, then as above 
we can show that I • e^e^ also* 

Hence L » I and both are therefore two-sided ideals in E, 

Q*E«1}* 

Theorem 1.2*19* Two minimal ideals in a 2JD-ring 1 are H-isomoriliic 
iff they are identical* 

Proof* het f * Iig ^ E-isomorjhism of a minimal ideal onto 

a 

a BtH nimial ideal in a DD-ring E* Suppose *» Ee by theorem 
1*2*11 for Bome non-zero a in . 

Let f (e*^) « X in Lg then f (e^) » x » f (e%®) m e* f (e*^) » e^*x 
hy theorem 1*2*15 and Lg aire two-eided so we have 
X s» e\ is in L^ 

ly theorem 1 .2*9 then e* is in L^ and by theorem 1 .2*11 *» E*e L^ 

Similarly Lg L^ and equality follows 


Q.E.D, 



CoroUazy 1*2*20t If li ia a ideal la a l&^ring By ‘^aa 

for rreaqr a 0 ia I*y e^Bo* givea the sane dlTisioa ring* 

Befinllilon t*2*2tt k BB-xiog B is said to have the intersection- 
propertgr if evexqr descending se(|x»&oe of noa-triviai ideals 

ft. ' 

of the fbxm Be has a nonotrivial interseetlon* 

We then start pa»nringt 

Ihsorem 1*2 *221 If B is a BlHring with interseotlm propertyy then 
B oontains a niatmal ideal* 

Broof I liet E * ^ e®i a / 0 in B ^ be tl» set of ®L1 idempotants of 
the form e^ defined by conditlcn (b) for eadi a in B* 

We introduce an eguiTal^e and a partial order relatl<ms in 
E as follovst 

We etoaH asy that e®^=e^ if Be® * Be^i aiad e® £ e^ if Be^ ^le 
We verify «Jat 

(i) 

(ii) 

(iii) 

Civ) 

Boer if e”*< ^ 


e®^ ^ iff e\® » e^ since a® is a ri^t tsiity in 

— a b 
Be :> Be 


e® < e® (HeflMtivity) 


a b 
e ^ e 

b a a^b., ab 

end e ^ e implies tlmit Be « Be implies e = e • 

&is proves uati^aymmetry 

a ^ b ^ b c 
e ^ e and e < e 

Bs® s S«^ s Be® implies Be® ^ Be® implies e®'^ e® * 


fhls proves transitiviiy* 
ai ao 


is a ohain in B then 
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1 

S« 2 B,« « 2 is a dsscendiiig sequsaios of 

Isft idBsls ia 1* Iberofor® li » H le^ / 0. 

So by thsoxea 1 •2*9y Ic 0 in L implies ® is ia I so tliat 

k % k 

He c S c He * for eaoli i* Hius e is aa upper bouad for this <shain. 

8 > 

So by Z<»9b{0 lemoat we obtain a maximal element e in S* 

W# assert ^lat M « le^ is a minimal ideal in H. For otberwise 
let H be a nan-triwial left ideal ial. Ifajp^OinH, tb.«i by theorem 
1.2*9, e*^ is in H and le*^^ H c m » ®e*^ this will imply e^:^ 
eontradictlng the maxiaality of e in £• So M is a minimal ideal in 1, 

Q.E.B. 

fheozrem 1.2.23* Ivexy mlaimal ideal of a PIHring H is aa B-direct 
summand of H, 

iToof t let 1 s le^ be a miniawl ideal in H. Hote that bST theorem 
1.2.15, 1 is two-sided. 3)efine f * H — ^ 1 by f (r) •» re^. 
f is an B*homomorphism of B onto I* since 1 is minimal . For any r in B, 
we may write r m r.e® + (r -re®^) where re® is in L and f (r-re®) * 
f (r) - f{ 3 fe®) 

Bote also that for any x in 1 f (x) m xe® «t Xf sime e® Is a 

rl#itt unity in 1. Shus f(r-rs®) m re® - re® * 0* So r»re® belongs 

to the ^rn. 

&erefore B » 1 4- Kexn. f 

Since Kea. f is also a left ideal in 1, so B Ihxn.f is a left 

ideal contained in 1, sinee f(e } « e 0, so 1 nKem f / 1 henes 

It n Ssxn f • (o) by the minimali^ of 1* and hence B • 1 <S Ksxn f • 


Q.S,B. 
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ISm vm edaalX prow mtp ludn otrueture theorem &£ this amtim$ 

Sheorea 1 *2*241 Iwry li Interaection propertgr la a 

imlqiw (ld«itieallj i*e* not upto Isofflorphiao;) direct 
sum of division ringa* CmTersely) evexsr direct atoi of dl^lsim 
ringa la a MKriag* 

Ireof t Hie camvarac part foilowa from Ike eocatruetloa la the beginaiag 
of this acetlm. 

fo prow the other part let be the collectim of all 
alttlaal ideala of Ihe glY«a. BB*rlng B* then 0 ^ la an Ideal in 
B end by an application fst theorem 1*2*23 it la a direct eumatBad of 
E. ® S , «.d S 1. «.««« 

1*2*f S la Ita^f a BS«rlng« alnee ewzy collection of Ideala in S 
la a oollactlen of Meala In B» hwoce S Itaelf haa the intersectioa 
property* fhen by theonm 1*2*22t B ocaitalnB a wlBlMnl Ideal l^* 


By theorem 1*2«23» la a direct aummmad of S and hence q £ B* 

But thma belcnga to the set ehloh leada to a oontradloticn* 
fherefore 1-0 1 

I 

®o treat the unlquaneas part let R * ♦ Refine 

A to be the pro|eetion of Ii£* fhen restrieted to cannot bo 
trivial for eai^ 5* Suppoee reetxicted to le non-trlirisil* 
fhen for the adnlmaliliy of and R* we conclude that ^j[* ®iiei 

by theorem t*2*19} It foUowa "feat » B|* fhua if S ^ mad 

S >» { 1»| \ them S ^ f and aimilarly f £ S and hence f * S which prowa 
the anltumcfaa of the direct eummeaida of 1* 


QJi*». 



CSHASfSB • II 
fHBQSr Of IBBA&IZIRS 


2.1 . imoDoctKaft 

fh« main purpose of this chapter is to give a general theosy of 
Idealisers for m arbitrary set A on which an algebraic composition . of 
multiplication is definedt in particular for groups and rings, for 
a set A on which an algebraic eompositloa of multiplication is defined^ 
we define the lieft*Ideallser of x in A with 3eespeet to a subset S of A 
as 

toil retain S'<s . 

Similarly «e define the Bi^t^Idealieer l„Cx) and t«o<*sided Idealiser 



20 

la. Seottm 2*2 we bare developed a Ibeez? of Idealiaers for a 
gl-wai;roap 0* With the help of oertala tjfpe of Xdealiaere» we hove 
iutiodueed a topology ^ in <J such that l>eo«»aB a topological 

grot;y[> * liipeetia"'-'^iie"'-4®fole^'wai3oye=''a" "s^ei's^-property" '■•®iat-«Bhitra3^.- 
iat«rp»otiottr''‘tf^^ ■ ...open. — we-hacre-eslle d -. 

I \ 

topolo,;^eal spaces with this property I-spaces and ^vea a characterlzatli^ 

■,‘Qf. Hauadorff .'■I-spaces . T® have denoted -as- I-*g3fOup,* M 

hffift''-'lJi^'"np’rcfii^«id' ' that ""a"" non^ehelien-- oonneeted- -l-®poup haa ■ -a-trlTiiiJ. 

tta aato r^ 

o.osheeted'-fiil^^ .psgrO'Up.~is....aliir.iQr.s. .sheliaa*. Shen.^^aone'-othtr^, 

lBtf<nrtnirt’~7e'ii]^s^ -the-eoaneetad no£iFMn:^nt:;.of :±dehti1^j^ 

■ ooajTigaoy --^aaflBa~aii^^ 

ha Section 2*5 we develope a parallel theory for rings* le 

introduce a topology in a ring A ti^th the help at Idealiaers* 

Besides other results^ we get a good result Sbeorem 2*3*15 '^If x 

and y are unit in A and x y thwa. these elesamts can he separated 

in' A 9,««iaBaer iff one is not an integral multiple of the other** • 

* 1 

Ja this case also Is an l^epaoe* So masy ether good results 

hare been obtained* 

Seeticai 2*4 deals with the class nunber of an ideal defined 
with the help of IdeiAiseire* Sose iaportant xwauLts obtained are 
as foUowst 

(i) %e class n«HriNtr an ideal in 2 iff it is prise* 



(il) Xf S « wlMir* ' P i» « ppism Qf a priaelpitl 

40Mia 1* Wm lli» eiiMia ei B tm A'^I » 

(iil) It S « iiAiaxa 1^^ mm dlatiaal pwim Sa 

& priaelpal M«al doaals. E« IMa ti» elasa of S Is 

% 

s^uktl to S « 

' M H ,, 

CIt) M S i» tlw,! ©£ S it 

(y) too idosis ill a priaslpol ii«al domia 'ham iSm smis olass aoalisr 
iff tiNp IkaYS lAs mm AiMtNtr t of priuas ndtii tl^i ssmi 

sot m£ in/iioos crvAja^,. 

^t%£ in a .|Eritioi|!>itt Mosl Owaainy m imm %ma atilo to hlmatf^ 
■Wm. mt ot all itwils iataxwa of olaaa wmSmie* 

t&aallir ia Ite last Bmttm ' 2 *% m 4mtim a Ic-oMdltold m& w&m 
m lJiti»ortsBt flntovws 2 •S' *2 Idsit **4 ioYMaifolilX is ixwoiooibla iff tbo 
Msal 8* IbN^oogiag to X is prlas** 



2 •2* fh«o 27 Of ld«alijB«ro for Stoics s 

liot A iHSi 8 set on iriaieb m algel^raic oomposltlon of miiltiplloation 
Is defined. list S be a subset of A. for ms^ x in A, we define tbe 
Iieft-Idealiser of x with respect to 3 as 
2.2.1. •* yx Is in 

Similarly ee define the Bight-Idealiser B (x}« fhe t«o*8ided Ideallser 

s 

I (x) Is defined by 

2 « 2 . 2 « ^ ^ ^ ^ % 

Clearly we havet 

2.2.5. Ijj(x) » Lg(x) ^ IgCx). 

In case the multiplleation is cosmutativef we get 
2.2.4. Ig(x) « Iig(x) * lg(x). 

Pxopoaiticm 2»2.5i If A is a gronp -Qi®! Ig(x) * ^g(*) • *• S for 

ere:iy x in 3 iff 3 is a subgroup of A. 
froof* Suppose • ligC^) • Sg(x) » S for esejy x in S. 

Suppose y is in S then y €. B^Cx) so jqr belmgs to S l.e. for 
erexy pair of eleiaants x»y in S we hare xy ie in S. furi^r we hare 
1 is in I„Cz} implies 1 is in S. 

Sow x^^x * xx"^ • 1 is in S so x*^ is in 3^(x) » S. %noe S is a stiligroup 

of A. 

Ccmrersely if S is a su^zoup of A 

yx in S implies y is in S . 


^y in St yx is in S ] but S is a subgxronp so if x is in S idien 



iMrt we Mre S 9 J^gC^c) because y in S implies yx in S eteenever x in s 
implies y in 

fhus l«(.tx) s S* Similarly others • 

£> 

Q.E.P. 

Hext let be the dees of dl sihsets of the set A 

oontaining x where i is in some indexing set. fhen we hare the 
dtialily- relations t 

lemma 2.2,6* (i) (x) 

and (ii) M I*g (x) « (x) 

iL dL 

Similarly for S*. (x) and I (x) « 

\ ^i 

How we shall derelop a theory o£ Idealisers for a given group 6. 
ta order to eonstruot a topology for & such that S becomes a topological 
group, we go to generalise the notion of normalisiJH of a subgroup# Bor 
a sSiBi-group S / (l) of a group and a subset f of Q define lL(f) « 

^x in G* x3! c and similarly BgCf) and Ig(S). 

lemma 2.2.7* If y is in ^1. (T.), then there exists S and f , suich -^t 

X 

y Is in li-(S) ehioh is contained in ^IL (^4). 

S S^ 1 

Bcooft Consider 5 » . Ibis is a semi-group with laaity . 

Iht f • ^y**^ ^ » Consider I^Cy**^). 

••‘I 

Since yy « t is in S, this implies y Is in )• 

Also « in lg(y*^) iapliss iqr ^ * 1 ay ^ « fox aowo s in Sj^ 

i.e. Either say or m^sy 

*“ ^i *®i " ®®^i * ®^i 


?A 

ami 80 in oases ^ Slnee tl3dfi liappeas for erajsy i 

80 8 is in (f. )« te iiare our result 

“i * 

y beXonga to L-(f ) S (T. ). 

s 5^ 1 





■, aaafi;;! w-i'fe. 

Cfp-''"' .\,V' . -■ ■ .. 

. , , i - ^ ■ •*" ^ ■ 

■ x ; • ■ ' '■ ' _ ■' i 

I 

lfdx« gwsezallyy let aey topological space eitli the prapeirty 
thet asrhitrexy ictereectiooe of open sets is op^y 1>e called m 


Ideallser*space er ic short m I«>s|ece« then we here a strong 
coocluslo&» 


iMsae 2<i2«10t M X«»8pace is laui^orff iff every pair of dls;Joliit 

sets sen he separated hy disjoint open sets* 

Brooft liet and he disjoint siihsete of the i*space OC*-^) «hieh 

is Hiausdorff •Qhoese an x in then for every y in we have 

X / y (heeause % the Bausdorff t^paration axim Ihere 

will exist and T in saoh that x is in and y will fee in 

T y further ^ T ^ . therefore we have 

y’ X y ,', 

X is in ^ • T feelonging to-^l. (V is in sv because fety?'-) 


X 


CO 


is em i^pace) and fg S;. belonging to^ such that 


t ^ 

X X • T 




(?j) 


Imr for each x in choose T and ccorresponding 1 as idhoee* 
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Si&0« t i» ia S 80 t ifi ia f * 

Also to f implies « 3 Es^^ sod « ^cSgX*^ t^sre 

•1 «t -1 -1 

®t®2 “ *®2* *«W|®2® * where s * s^Sj to S* 

Ihis implies z^s^ hel<»igs to T* So V is a semi-group with 1 mA so 
T « I»y(t) is la K. 

Aad we hsre **^Tx S l^(l) - tJ la M. 

fhus we haxe proved that for every ? la M aad x ia & there erLsts a T 
ia 1 such that x^Vx 0. 

(d) flaally, let IT » Lg(f ) he la M, x ia 9 
Beflae Y « y ia Sf yx is ia S 

y^ty^ la ▼ implies y^x sad y^x are la S implies ** y|(yjj*) * 

y^s^ where y|»«j «*e ia S ii^lies y^y^ is la S* implies y^y^ heloags to T . 
flam T 1 ia a semi-group with 1 sad we have 
Iy{l) w T is la » «d Y^ S 1. 
fhas for all 17 la Hf x la 0 there wrists a Y in X such that Y^ 
a t ^ t h a»A ^ Imply that 1, is a topol<^eal groap* 


Q.B.3}. 


Iropositioa 2*2*9t Arhitrary laterseotioas of opea eats ia &ii 
are opmei* 

froof t 2iet Y^ » Y. he such an taterseotioa and let x heloags 

i i 

^ V 


Xow X ia Yj Implies there exists aa Ii (f^) a aei^ourhOod of Idmatity 


% 


we 

sash that x helcmgs to Y^Cheoause Y^ 1# opea). Shis wiB. 

i 


he true for each i* 





- w3,-lh: '-psopertiic. 


'a"~^'3EEd^f ■)■'• 

W . ■ 





I 

lioani . g^ezalXyt let asy topologieall space eltk •&»» proper^ 
that aarhltaraxy intereeetieos o£ open sets is opeoi he called an 
Idealiser^spaoe or in short m I^speee. Then we hare a strong 
conclusion* 

T^ eiima 2*r2*10i An I-space is SsxMsdorff i£f ereiy isalr of disjoint 


sets ean he separated hy disjoint open arts* 

Proof t I«t P^ and Pg he disjoint subsets of the l-^pact (Kr^) «tiich 
is Hausdorff .IDaoass an x in P^, then fhr every y in Pg we have 
X / y (hscause P^'CvPg )• % the Hausdorff separation axi<» there 
will exist and T in e»*^ iiliat x is in and y will he in 

iij y ^ 

T f fwaaer ^ T • 1!herefore we have 

y * ■ 

» t h^onging to -Sv. (T Is in sx because 


z is in ^ 


(V 


is an ^paee) and Pj, ^ O .T ^ helonisiBg; toSX such Ihat 


T V * « Cb 

Z Z • T 


lew for each z in P^, choose and corresponding 




fhen P^ Jz • ^-1 ^ 


as above* 
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2*5» of Idoallsex's for liogst 

To. nils soetioa «« riiall deyelop a gmeral lihaox^r of Idealisosro 
for ooitaxy ziage. I'xtnii lihe definitiona of the prerlous seetion ee 
emus' haT« 

flaeorem 2»3*tt If S la an addltlT* etibgxoup of a oaltarif riag A 

2»(x) la also ao^^ Alao if S la eoi additlva aubgxoup of A tlwa 

S la a HiEt Idaal of A iff « A. Ala© I. (o) « A aad I. (t) » S. 

tao-alded ^ 

low lal A b© a mltaxy xiog* Slwrai a aubaot S la A deflaa ?„(x) * 

& 

f«r ^.ur X to s. to. oto.. DOJI «t aid to. 

eacfbltraxy tnlond of Hi© acts T^(x) for all possible S aod x* to pxore 

O' 

Eropositifflii 2«5*2t la la ^3C^)» iliero ©xlsta lg(a5 m>hh 


thet j beltxigB to tg(z) emtalnod io T,,, (x^) • 


rsooft l«i S y la la Tg(l) (\) 

Q.B.B. 

Izopoaltloa 2*5.5* Axbltxaxy latersaotlinza led uoloaa of aleaBots of.ru. 
ape in , 

Pxoof t About the oolcma the propositicai la obwloua. 

Iiot f ^ in .sv. b© an satoitxaiy Intepaaetion 

mum. X la Implies there exist a Tg <8^ auBb Ibat x la la Tg C**) 


lOlOB 




'n' x' 


S 

^3C' 
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Corollaiy 2.5.4* is a tspologlcal spaes wt-fe topology -s\. 

for Titolcli lijs T„{x) fo» a bas®. 

Corollaxy 2.3*5* T la Skiff for erery x in T» Idaere exists Vg(a) 
sueli that x belongs to ▼-.(s) ~ V. 

Proof* T in implies T « V) T_(s) 

a 

> X in T laplies x in T_Cz) for some S and s. 

CoinrereeXy let x bo in T imeplios that x is in (z^) <9:. V 
: , T c s^y (a ) c T 

»> ’-xin/s (z^) i.e. ¥ belongs to^ • 

X 

Q*S#!C# 

Kow sinee 1 is in every ohoiee of 3 and x* 

So t b^ongs to ¥ for eimry ¥ in ^ • 

Corollaiy 2 .9.61 is not 

Proof* Since 1 oan not be separated by elements ©f-SV , 

But ee ©an liiow that 

Proposition 2.3.7* A- \tl) with toe Indneed topology is a discrete space. 
Proof * a is in a- too * - 

^ Q,E»3). 

fhis toows that in carder to get any new inf oixmtloa about toe 
algebraic stractwre of A we have to pit sufficient extra cnxiditions on 
toe oets S in ¥g(x) . to any ease we have 

fheoren 2.3 .fii is alBO --«H>wfaMr--i^acMe->iw^^ 

Proof » fiAJsswar'in 'thir-filiiiiilsT ,toat-«f 4hoea?w8r“2«STiB’ in • the-^ 

peevdotoMseetoen* , , . ■■ ■ 
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How let be •toe class of toe additive subgroups of A. 

lor any swtset f of 1 define 
2 . 3.9 ^ in AS yf « 

Proposition 2.3. tOi areiy I^Cf) is an additive subgroup of A. 

Proofs x,y in iJP) inplieB xP £ s and yf iaplioe (x-y)f ^ S. 

s 

Since S la an additive subgroup* 

So x-y ^ iigCl)* 

Q.E.D. 

Proposition 2.3.11s y to lig (f^) (%) tbep toere exists m 

ig(f) wito y to Iig(f) ^I»g (f^) ^ \ 

'll ■ ■ ^ 

Proofs fake S * L (f.) ^ \ i\) then S will be an additive subgroup 
A containing y. 
jr U in IjCl) - 8 - 

Q.S.®. 

Corollazy 2. 3.12 1 Arbitrary totersections of tbs I^(®) A® again lg(s). 
Corollary 2.3.131 olass of additive subgroups of A cotocides wito 

tbs 

laktog tos set of aU 1^(5?) *» as toe basis for a topdlogy # 
wa obtain a topological apace ^A,^ * fbua toe study of ^Af^lsiU 
enable us to tovestigate toe structure of a rtog with respect to its 
additive stogroups. Ifete toat this is thus a generalisatiott of the 
problem of tevestigattog the totertwtotog of the multiplicative and 
additive groups of a division rtog. Proceeding wito our tovestigatioms 


we have. 



Bropositim 2*3ol4t ffe-Sl. iff foj. ©veicy x in t 'Qieire ©xists an % (f) 

s 

aueh mat x is in lig(S) contained in t* 

lote mat 0 in in 3ig(f) tor all S and f . cannot be a 

f^-^pace ae sucb* But ac ©nr ada Is to apply it to atoltlplicative 
groups in Af 80 wc hcore me laportant result* 

theorem 2«3*15>t M x y are units in A and x y tbea tbese elements 
can be separated in a S^^menner iff one is not en integral 
multiple of the otber* 
froofi Only if part 

le obaerre that x in T implies x in L At) ^ T for some S and f • 

s 

1 ^( 5 ) is additire 8i*group so mx is in Bg(®3 for ersry integer m. 

Suppose nom y w MX then whmerer x is in ? *© ba-re y is also in ?• So 
th^ can mit bs ssparatsd in a *^-«anner« 

If partt Suppose y / x mi not be separated to a f ^^"aeoamr* 

Baen for aU !•„ (t^) oontatotog x, we must hare y in I» (f ) 
or for each (s^) oontatotog y, x is to (1^), Assume that the 

first case occurs* Ihen y is to IL C* ) for all S end f . 

X . X . X 

X 

fake i n 3 ^-— « ^x fhsn we see that 

X is to IL it ) m \m% a m integer^ 

X' L 

X 

y to (f^) toifllics y « ox* 

X 

So X and y can be separated to a f ^•esanner idtenerer y / ax* 

Q*B*D* 

X£ mm takes f to be tot group of mits of a modulo integers 
i*e* if ws Identii^ aH i»its that are integral adliiplos of the 
unit* than we get the iiaqportant corollaxy* 



Corollaay litk ^ topology-^H indweft ^ Ja A# 

is a f^*spaeft» 

fh© saost interestlag topological property «f ^A,-ri^ ia 
gifea ^ 

fheomm 2 *3 *17* Ax^itsaxy interseeticais of ©lemeots <^S\_ are again 
tn-^i.e. \A»a.'^ is an I^pace» 
froof t X in ’^7^ implies x is in for every !♦ Thus tot every 
1 tliere exists S^t sneh that x is in li^ (7^) t 7^^ * 

ji» 

So X is in (f J S. But (**) is an additive sribgroup 

3* \ 3- iSjj^ •» 

so it is B„(f ) for some S and f mA me Imv© 

s 

X in “ ^7^ . 

Corollary 2.3. 1Bi i» m I-space. 

Corollary 2.3.19* ^ Haasdorff iff It is normal* 

Broof t is so if it is normal then it is Haasdorff. 

If Ijj^'^^is HawMdorff then Tsy l«ama 2*2.10 of Iflie previous 
section me have normal* 

Q.B.B. 

Warn «e give some 8im|d.e observations abont certain 

chain eonditionsl 

laieorem 2.3.20* Cl) If S Is a left Ideal of t, then BgCs) is a 
left ideal of l._ ^ 

(ii) If S is a n^t idsal of fi> Ihen Sg(*) is a right ideal of S. 



{ill) If f iB a X«ft Ideal of If 3ig(^) la a ideal of B« 

(!▼) If S la a ideal of R, m«n 1 _(t) 1b a left Meal of 1* 

s 

Proof! (l) y In. R (f ) Saplles yf ^ S implies (ly)f « HCyf) 9.SS <^.S, 

(ll) y In ^(s) implies ty ^ g lapliee iyi • C:. SR 9. S* 

(ill) y in 2»g(f} implies jT c S implies jBf » y»U c-_ yf S* 

(It) yin (f ) implies fy S Implies HSj « Sl.y fy S. 

Q.B,R 

Imwam, 2»3»21i If ^ Ig ^ ig gu asc^Bdlug chmiE ctf subset® 

of S and S is sfloy s^toset of R, than we hare 

Similarly if a ® 2 "> ^thea 

LgCf^ eiigCSg) ^ RgCfj) 

SlmUarly for lg(f) and 

lieama 2.3.221 If S^ <= 1 S^ 8^ tiien 

\ if) C®)^ \ (fH — - 

®t h S 

Similarly if S^ S^ ~>.3^ - ® 42 . ■* * *~‘‘** — tlMia 

\ {*) 2-Iu (f)H \ — 

®2 ^3 

Similarly for RgC®) a®d \i^)* 
fSmm gite rise to the following ohseraticsa t 
••Lot f bo any subset of S sad Sg> •— be descending 

chain o£ left ideals of t« 

— 

t ,3 

is a dewsending dbain of left ideals of 1" . 
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IStieorem 2 *3.231 (l^aorphiaoi SEheorea) liet ft Ag* 

Isimrjiiiiem of tlio rSBg A^ o&to 1^ ring A^* If A^ 

axfe loft ideals and Sg » f(S^)» fg * fCfg)* ■&«» f is an tsoirorjftiian 

of (l^) onto (fg). 

12' 

JToof* Set 

X ttt lig (*^) « ^ in A^* 

80 f(x).f(f^) » fCsS^) c f(s^) « Sg 

so £(x).f 2 - ®2 la (fg) 

l2* 

Conversel;^ let * ^ ^ *\7 ^ ^2^ 

S! 

therefore a*f(2^) * %*f^^ Sg* 

Sine® f is an isoBorphisa there exists x in A stwh that f(x) *• z 
therefore f(x).£(S,) »• £(affl,) ^ Sg - f(s^) 

theirefore f^^fCxl^) * ^ f ^ f(s^) • 

therefore x » f*^(s) in Ig (f^) 

therefore f ie 1-1 mp of Iig (f^) to (fg) whioh clearly preserves 

1 2 

ring operations 

Q.1.3). 

ACC 

33wox«ai 2*3*241 A ring ^nith unity aatiaflee the BC® for left ideals 

Age 

iff it aatisfiee tl» DOC for left idealisers.i.e* 

I'roof 3 If A has ACC for left idealst then eadi (where Sj^ fom 

of ideals* and f subset ©f l) beijs^ a left ideal 

deseending 

it has ACC for ^le left-idealisers* 
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OcaiTerB^ let A tuactre ACC for *01® left idealizers. ftoea, for w 
ascending setuence ~ -of left idealst we hare an 

ascending sequence of left ideallzers 

(t) breaks* Hence iCC for the 

ideals follows* Siisllarl^ for the SCO* 


Q*S*!H* 


If we define the IXJC for idealisers with respect to ri#t 


ideals ft thm we hare anologousLy* 

fheorem 2*3 .25* A ring with unity has for left ideals iff it 

lion 

has for right Idsallsers* 
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2 ^, 

Let 1 be a oosuautatlTe aaitaiy rliig md S be an idedL in H, f 
a subset of H. lor any sxa>set8 of Et define that is equivalent 
to Tg Iff Ig(f,) « IgCfg) i*®* 

an equiralence relation and we get a partition of tbe power set ^ (B) 
of H into equiTalwGtoe classes* We i^iall ^souss here only iii.ose 
which consiste of single element of we have th«i 
If are in H then ^ 

under this equivalence relation tbe ring E ean be partitioned into 
equivalenoe olassee with xespeot to any ideal S of B* 

Peflnition 2*4*1 > She olase nusber of an ideal S of E is Ihe number 
of distinct eqi;dLvalence classes of H with ireepeet to St under 
the equivalenoe relation r^ Ig(r^) • IgCrg)* 

She nattnral questions that arise ixi this ccsmeetlon are 

(i) whna is the class nnober of S finite? 

(ii) mder iteat ccnditioas will the class number of two ideals 
equal? 

* We shall be specially interested in prime ideals and thft ideals 
which can be writt«a as the product of prime ideals* In ^trtiouLar for 
principal ideal domains we answer both the questions ashed above* 

We start proving* 

IQisorea 2*4.2t class nusber of an ideal is 2 iff it is prime* 
B]n»ofi Let S be a prime ideal of 1* 

Suppose r is in S then since S is an ideal sr is In S for every s 
belonging to 1 hence Ig(r) * B* fhus for r^, rg in S we have 
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^ ^*** eleaents of S ax9 all In taaa 

•qulTalwiaca elaaa* 

How if r is not in s than a is in I„(r) imi^lies z.r is in S. Sinos 

O 

r is not in S and S is prime we must have z in S. Ccmversely suppose 
8 is in S then z,r is in S since S is m ideal and we have 

Ig(r) » S for every r not in S. fhat is all those elements of 
B whioh are not in S belong to one equivaLenne class, fhus we have 
two distinct equival^ee classes and hence the class number of S in 2* 
Conversely let ^ class number of S be 2. !Quai r in S impliee 
w B as above so aU elements of S belfflog to one class* If r is 

m 

not in S» then Ig(r) « S* end S* om. not be whole of B because 1 
is in B so 1 .r « r which is not in S* 

But I-(l) * S and 1 le not in S* So f and r must be equiiralent so 

O 

S* « S. fhis Implies that for all r not in S end z*r in S we have 
s in S. So S is prime. 

Q.B .B . 

fheorem 2.4*3t Class number of an ideal S is t iff S * E. 

Broof* If r Is in S then IgCr) • B. m fact for eveiy r w# have 
Ig(r) *B « Ig(l) • S. 

Q.I.B. 

Corollary 2i4.4* Bvery ideal, not a prime, has class nwd>er 
^theorem 2*4.51 If S * , where B ie a prime ideal of a principal 

ideal d o«»«in B then class nuober of S is n 't- 1. 

Broofi (t) Suppose r is not in B. 

How » belongs to implies zr belongs to S • -Si B. 

^ '• ‘\v\ -VcKKM. 

vN.- f_'CS Vr\Aic- ^ ^ ^ 


Siisfi# H i« a principal ideal domain and r i» not in f so a must be 
la i.e. Ig(r) S: 

Suppose a i» in akmx ar ie in so a is in lg(r) I.e* 

Hraooe Ig(r) • for ewiiy r not ia P. So all r in S sbich are not 

in y belaag to one equiTalffloce class 
(ii) Suppose r is in P ljut not in Jl^. 

IToe a in lg(r) laiplies ar in but r is not in / so a jaust 
be in ^ i,e. 9 Sow a in , r in P Implies ar is in 

/ so e ig{jp) and me hare Ig(r) » #*'* * thus liie set of ^1 
eleiaeats in P but not in lie in liie same e<|ulTalenoe class* Por <eQ. 1 
sucbi eleawnts r in B ive baire Ig(r) * . 

(ill) Suppose r Is in but not in P^ • 

As abore we can prove that •» 1^*^# 

All sueb r are in one equivalence class 

Slmilarljr ve cm prove that if r Is in P^ but not in P*"^^ tb«a 

IjCr) 1... tl..r *.!<»»* to «» .«*o olM.. ttu, 

f«Mp i » fU^-l we have n-1 equivalence classes* Sew if r is 

in Idle 2^Cr) «■ B* So sU micSo. r are in case equivalence olase* la 
abort (n-t-l) equivalenee classes are given as follows* 

(i) r not in P implies * 

(ii) r in P but not in P^ toq^ies IgCr) « 

(iii) » in P^ but net in P^ implies 


(n»l) r in P**^ but not in 3^*^ 


IgCr) w P^ 


implies 



Implies 


(a) r la r bat aot la P*' 
(b+i) r la 


implies 


Ig(r) » 1 ^' 

I«Cr) ** S 

s 


^^eoxsm 2*4 «6* If S « P , share P. are distlaet 

I 4d 5 1 X 

inrlJDB Ideals la a parlaeipal ideal domaia R ^ea tiie elass 
t 

aiiidi)er of S is equal to 2 • 

Proof I If t a t thm theorem 2*4*2 glTss the result aad the equivalenee 
class of B are just P<^ aad eomplemmt of P^ la B« 

If t - 2 them S « P^P^. 


(i) Sui^ose r is aot la P^ th«i there are two posi^bllities r may be ia 

r,. Mjr nrt *. in s,. 

(a) Suppose r Is aot la Pg but r is la P^* 

a ia Ig(r) implies s.r is la S « P^Pg *« P^ ^ Pg. Since r is not la 
Pg so a must bs ia Pg l*e* Ig(i*) - 

Row s Pg sad r is ia P^ so ar » STS is ia P^ Pg and heaee s is 
ia Ig(r). Wo bars Pg <=cIgCr) . Ihms lg(r) • Pg. 

(b) Suppose r is aot in Pg and r is also laot ia P^ . 

s ia :^Cr) Implies ssr is ia S • P^Pg • ^ is ia P^ and 

P both and r is ia ao£Kso.s is la P^ as well as Pg i.e. s is ia P|^ Pg* 
OWiotiely ws have * ^1^2* 

Cii) Suppose r is ia Pg th«a again there are two possibilities r may 
bs ia P^ or may aot bs* 

(a) Suppose r is ia Pg rad also ia P^* 

aisa r is la P^ PgW P^ Pg* S sad Iwasoe Ig (r) • S. 


(li) Suppose r is in Fg but not in 

a. in ta> 01(1'. « haTO IgCr) - 
'&U8 for r la f 2 Ibere are as way equivalence classes ae the 

class number of Also r not in P_ gives as Mfloy equivalence 

1 2 

classes as ■0»e class nxmiber of 5Snffl class nuelb^nr of 8 * ^■|^2 

2 

is twice that of i*e* 2*2 «> 2 • 

Suppose now S » 

(i) CorrespondlBg to r in B^ there are aa msoy equivalence classes 

as the class number of Ihs ideal B^B^in K 

(li) Corresponding to r not In B^ also there are as many equivalence 

fti nfaiiji«i» as the class nuofljer of the ide^ B^B^in S* So <^ass 

2 3 

number of S • ^ 2.2 » 2 . 

Ex]Hoitly co3rr08p«aiding to distinct 2 equivalence classes 


. "si::-*®!, 

1*1 with respect to tbe Ideal S 

- ^*'2^3 

(1) 

Ig(r) » 

for 

T In 0^ 

(11) 

ijW . 

for 

r In Cg 

(ill) 

Ig(r) - 

for 

r In Cj 

(iv) 


for 

r in 

(r) 

igW 

for 

r In 

(▼l) 

IgW - 

for 

r In Cg 

(vli) 


for 

r in C^ 

(vUl) 

Ig(r) - S 

fear 

r In Cg 
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Sot a.mm» that the i»s«lt Is true for t-1 distinot prime factors 
i*e* for class nundter of is 2^*^. 


Umb let 8 » P.P^P, 
t 2 3 


•Vi^t - \ 


^aln w# win gftt corarwspondiBg to to ao lagay aqulTalwoa olassaa 

as the class aauaber of S^* P^- i.e. 2'*’*^* Alao for r not ta 

P^ the auaher Of dlstiaot equiTaleace classes Is equal to the class 

t*t 

Bumher of S. I.e. 2 . So the class namber of S » P^P„ ^P^ , is 

' 12 t-1 

twice the class aumber of S.|. So the class neiriier of S is 2*2^*^*»2^* 
Coxollaxy 2*4 *7* If S » P^^ ig a prime-power 

f^torizatloB of m ideal then the class Bumher of S is 

(a^+1), (fflig+l) (m^+l)* 

Proof* The result is true for t » 1 theorem 2*4«5«> 

Asetota that the result is true for t-t distitact pmev 

* *1 fflo »t-,i 

factore i*e. * P^ P^ — - —P ^^ has its class amber 

low let 3 « «« 4 P^ . 

(i) CiorTespmadiiag to r aot ia P^ the auoiber of distiact equiTealmee 
elaeses is equal to the class au^r of i^e# (a^+l) 

(ii) Correspoadiog to r ia P^ but aot ia P^ the aumber of distiact 
equlTsleaoe classes is equal to the class aumber of S^* 

Similarly for r ia P^ but not la ^ and so «»*4 

ShUB the totsl auaher of distinct equiTalmco classes of B with 
respect to 3 « S^P^ is (m^’^l) times the class aumber of i^e* class 
aumber of S is 

(m^+1) ^(m^+l) 
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as rsqvtlrsd 

fhstt w« taarst 

Cozollaxy 2*4«8t fwo ideals h&y9 Itoe same elass ssalwr iff they 
hare Ihe sane ixunber t of prime faetors in ^ amm of 
indloes w 

fhus is a prlDcipal ideal domain we hare been able to classify 
the set of all ideals in terns of their elassHaunhersf because in a 
principal ideal donaln unique faBtorlzation of ideals into prime-power 
factors is always possible. 

After this such about class number of an ideal t w sdiall gire 
some more details about equiwalcnee classes. 

Theorem 2.4.9* set of all equlwalenee classes of B with respect 

to an ideal form a aultli^icatiwe semi^group. 

Proofs Iiet ua consider equiwaleoce classes of B with respect to an 
ideal S. 
let 

Therefore x in l^(r|rp implies x r^r| is in S implies x r| is in 
Ig(rp ■ insoles X r^jr| Is in S Implies x is in ;:^(r|r|)* 

Similarly 

y in IgCr^rp implies is in S Implies yr^ is in 

implies yr^r^ is In S implies y is in IgCx^rp. So we haxe r^r*. 

Similarly Tgr^ 
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and fs. *^2^2* 

* * % m*. m tC 

S# oma €#fliif aiii<|u<^y tii# ©l&sa prol^ot 

[j^ IJ'A • xhBtrn d«mote8 tb« aq'Oi'raittQet el^s d? r« 

Q#®*35w' 

2 #4*10i If m t» a mit im Sf tfeaa r and nap btloatg t‘hf 
'•mi aXasa# 

Irooft X in Zg(r) jjuxLiaa xr In S implies mx in uS >» S Smpliea x 
in ]^{ur) l.e. I^Cr) Sulg(ur). 

Suppose 7 in Xg(ux} implies yvae in S implies yr in u s * S implies 
7 in Ig(r) l.e. Ig(uir) SilgCr). So Ig(x) • IgCar). 

Q.S.D. 

meozem 2.4.12> lei f 1>e an l*«ad<aaorphiBBi of ^ suefa f /g Is 
an au.tonoxpM«a. Shmet fit) ■ t* Smislies r ~ x*. 

Proof* X in im^diee xar in Si impUee £(xr) is in Sy sinoe f Is 

an automorpliiam aiapliss xf{r) » xr* io in S aiapliee x is in 
IgCr’) i.s. lg(r) 

CiMTaapmlyt y la I^(ar^) laplia® la S Supliaa yfiif) is to'S Ispliss 

9 ■ ■ ■ ^ 

f(7r) in S Implies tt in S Implies 7 in igW ^*** ~ ^S' 

So IgCr*) • Ig(r). 

Q»E# 




2 *3* Oa )c-4Ia«lfold8t 

Imt H a conatativa mltazy tixig mblBfyijag, ascending dials 
oonditloa for ita idoaXst sball as^ in tkls ease 1 is a ring 
with iOC. Her R \_xl * ® \5i» polyaoaial ring 

in n indetaxainates orer H» than S ^ eirexy ideal In 

H \^X'} i» finitely generated. Let S he a^y eet in S \X3^and k he a 
prlBW ideal of H. Let he en n-diffleaBimal i-«odale* We can Imk 
upon ae the iMit of all n^tuplea isdth entrscee in E. Befine 

M « 1, (s) £r IP' to he mam eet of all a?^ * (a , a t-~*— '»» ) in ^ euoh 

k t 2 

that f(x) in S impliee f(a., $\) heltmgs to k. ai-ven any 

,a —e ) ie la k ie m ideal in B tX") , and (a^,^»»*— 
wiU he in Bj^{s). Also if S «^0’\ , the zero polynomial, then 

IP’ • Bj^(s)* 

Sext let S he the set of bUx^ a^idi that M « E^(s). Let 
f^, fg,— -fy he all in S, then for all g^, g^, .- * - »-,g^ in E Hx'^ , 

m in M, «e hare 

g (n)f ^(m) < «gy(n) f^Ca) in k, einee k is an ideal of H. 

1. , . -«« 3. i. 13. la-l 3. S 13 H C,1 . 

We eay "Wsat II is the k*aanifold of S». Clearly, if S| S|t 

then *2 whexe • Ijg(sj) ior i • 1,2* 

fhe totallity of all f in R to s»*^ heloogi to fc for 

all a in * ie an ideaL of 1 \j\ ^ omteim all ideal# S» defining M* 
We shall oall this Ihe idaal halonglag to M. 



fiftt i » 1*S> ^ iHi 

5* fliiai ’H^v) ^ Csg5 mmh itet 
s* • 3^ rx , mxm k i» mitM aii ^ ^ ^ Cs*") mm mm 

§» ••«yf I ## 2 >"*""'"‘''“"«^l»t ®| • 

In £tm3ral m hm* 

tSIiioiw* 2rf*5*1i flKilMi SJif*i!t««t4aei niS m mVlMwm^ wmm 
k'-meMti^m iys« 

w« itell msf mm m im it if in a wi«» 

®f lwf» pf©f«r 3'^1?-iU3.ifCiIa3| rnUmmim % mm git* & 

irnmvm t« 5«2i i k«»8ii>lf0lL4 1 i« I»ii4ii!iilil.t iff mm iMl i*. 

i it pmmrn 


ffttCt M • il|U «!»»«• mi p»i.p)«v% ttiittitai to 1| ihm 

I«t S| tti lf| m tilt iittit 

Itotft toiiitt f I in S| Mi in ^ t'^ ttet f ^tx) it M»t ttn’t'iltwl te 
k MS tgC^) it sst tesfiiStti la %« iixt i^iw) ^ k* Item 

it ia 3 * Milt f mS im txt Mi la $** tM iiltt it imm 

1 1 

Slxtetljf m 


it to fi|i fg to to ®| to^lto# to to c i| ^ • 8#. 

So f|f^ to to I* toll ntitoix f | Ml f ^ to to S* toiUlM S« Sis »t ssrlati 
Otwmmtol# 


tot 1 it iffttowtoto* tot i» to to® total toiMg to «» M 
mmm mm prtott mm tot** Mitto f^p f^i to tiito tout f^fgUr to 
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Slne« f^(a) le In k for all a in M md k is prim® ws 

kars eltlMir is in k or fgCm) is in k for aoy a in K. 
lot ^a in Mi f^(a) in k^ 

1^» \m in Ml f^Ca) In k\ 

Cloarly M • V) 1^. 

Also noithsr M^nor is oap^ otksrslse f^ or fg will ko in S® against 
ow asBiaptiwa that i-ii^g ors not in S*. 

But Ihm U is not irrsducikls« contradictug our assumption • 

So S* aust ho prims. 

■Q.I.D. 



cayraM • m 

EELifiyi}-]EEOJEca}ivi!rY iiro momiYS im gihekai Burts 

3.1 » IHraODUCIIOK» 

la tkie chapter w# shall gtr® soae properties of a ring 1 
which we will aeed for the lest ehsgpter of this thesis. 

list B he a ring with unlty-eleismt 1 end B he a subring 
of E sueh that H Is a free 3Pight aodtile orer E with a basts j^X^/i £ I 
for aoiw IniiCK-set I. AH sohrings will he assunsd to oontala the 
uaity-eleffl®at 1 of the ring. lote -ih&t erery element of E then has 
the fom with each p^ t E* We shall denote hy Sad Hf the 

Jacobson-Badical of «ie ring E. 

It is obTions that ^wa left l-fflo4ule TTl | we can 
obtain the restriction "l^lp a® s E^nodule by aerely restricting 
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the operators to P. Qo the other haad, girea my left B^diile TX » 
we cm form the iMiJced Module XI “ ® ^ 7T as B-«>4ule, 

'll. 

where the agrMbol Tl etsaads for the teaaor-product ‘(^pTi , 
and the direct«aft£& is not aeoeesarilj a nodule -sTze even over If 
X^ centralisos P, i.e. If p. 1^^ » p for each p frPf thm X^^'VM 

cm be looted upon as a P-module* If this is the case for each i, 
then the above ilreet«-aw beeoiws a direct-sum of B-modulee* 

®io questions as to whea the restriction of an irreducible 
module is wapletely reduoibl#» and when 1he induced module of an 
Irredueible module is completely redaeible, have long been investigated* 
¥a»tt a Is the group-ring 18 of a garoup 8 over a field F end P ia 
the 8\d>-group ring IH over F of a normal subgroup H of 8» Clifford 
proved that tbe rsetrietion of every irreducible module is completely 
reducible* [ ]# Wge 545* As a sort of converse to this we 

investigate in 'tti® last chapter of this thesis as to #ianf in this 
sltuatimi the module induced by an irreducible module wiU he 
completely reducible* ^hua in fheorea » we slww timt -aiis 
phwaoaMion i®jharacterised by tbe fact that Bad H ist in a sense* 
the modiale over lad F with the same basis | X^ j . 

fhis last property is referred to as FropertT C in 
sequel (to be defined explicitly below)* It ^peare to be naturally 
end intrinsically related to the concept of reiative-projectivity [2 ] , 
In a strong sense *®iis will be more clear when we shall come to its 



mpplioatiCM to group-^riag in 5th chapter. 
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3 • 2 * 

W« recall tbat an R-wfiuU TTI is oalleS P-proJeotlT© if 
CTeiy S-«xa©t sciiueoce 0— > TT-^ cf Il-aM>4ule8» for wMch 

tl&e conreaptHidiag sequence of restricted aodules 0“’ 0 

aplitsy is lta«lf split over H. ®ais is a property of tiae laodule 
On tl» otiwr l3£md» we oonaiter here the property of the subring P 
eudi that eveacy S-exaot sequence of the above type for which the 
eo 3 cre sponding sequence of restrictions splits ^ is itself split over B» 
Definitl«» 3.2#ti Iiet H, P saai be as in 3 *1 edjove. We say 
that I^S, Pj has Proper^ C *1'^^ respect to the basis 
£ X^ p^ 6 Rad t Satplies that each 6 Sad P. 

ItefinitlOB 3.2.21 We ^all say thatj S, Pj is a Projective-Pairing 
if every eocact— seqr^aoe of H**5®odules» for which the 

sequenee of restrictiwis Q splits over P» is 

itself split over R# 

Poliowing lenma will be useful in linkiag projective-pairing 
aod property ^ • 

3.2.31 iet B be a ring with alnimua condition. If THL is an 
B<.aodule that annihilator of 7TX in H contains Bad R* IhBB "TlX 

Proof I Per the converse* we note that Bad 1 is Ihe intersection of 
the leinela of all the irreducible representations of R and hence the 
interseotton of Ihs aanihilatars of the irreducible R.4aodules. ttos 
if 'fTliiH. direct-euai of irreducible S-aodules then Rad 1 certainly 

annihilates TTl « 
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®ext let amiih* 2 Had R* Defining (r 4- rad e) a » r m, 
laakea TH into m B/Bad 1 - aiodule. But l/fead B is semi-simiae 
with lainimua-conditiOQ. Hence 7n.« ($> t, where are E/fead E* 

i3rreducible aad^BOdules* Since Rad R C annih* « so » 

r« «t (r + Rad e) S 'fYlif and each TrLlis also an 
R-oodule . 

If Tli is a proper R-subaodule of Tfli » then r* 'TXi *» 

(r + Rad l) TIl ^ Ttl y since lad E c annih» TXt also* fhus 

is a proper U* subaodule of jTZi » contrary to Ihe irredueihility 

of 'Tricorvr S/^ . «• Haoce each TTLi is also B»irreducible» m> that 

Mbu M 

rjxi is completely reducible over R. 

Q.E.D. 


In case the cardinality of I# the index-set of the basis 
of R oyer its sabring R, is finite, we csai show that Sroperty f 
with reepect to one basis iapliee the same with respect to any other 


basis* 

fheorsm 3*2.4* iet R be a ring with imity and ? be a subring such 
tha t H is a right free P-module with finite-basis. I»et ^ sod 
be a«y two P-bases of B. Ihen |^R, P] has Property f with respect to 
the basis if «nd only H ^ Rcoperty f with respect 

to the basis • 

Proof I We recaU that if S Is a ring and denotes the ring of 
all a X n matrices ower S, Ihen Rad ** (Rad s)jj,* f 3 » page 11, 


fheorwi 5 



tie two givm bases 


iowi.t «14 {y,. •••.?„} 

for E over P, where n < oo , Sappose £ fe tad E implies that 

eaeh 6 Bad P* 

Sxpressia^ as linear ooaibinaticais of the I^*s we may 
assume thaty 



^11 • * • ‘ • * ’ * ^ln 


1 *n1 * * * ‘ * * * ^na. J 

1L— 

where each p £ P* 

XJ 


Similarly expressing as lineai>oombinati<ms of the 

.. mj a.«» ttat. 


» (y^f 






Sii * • * • * * • * V 


where each £ P» 

Sidistitufeljog for the yjj^*s ia the last eqaatiffla fwwa the 
first f sod observing the ll»ear-»ladep«idenee of over P, 

we eonslude that the matriees [ ] are units in 

low suppose £ yi <1^ e Had 1 where each q^ e ?. 



t 


te'‘ «a 0 li 1* %im mmttiMtmtm M ttt aatriai-^iMlti 


Mf m wmt hf MBtwfflwat ^ 1^11 %| 


£ ■■"c.d ■ 


••**••• Fjyj 


f ^ C S- 



i4l|F •’iiil9‘ 


1 ' 

* 1 

_‘'bI V, 

) 

_% “ ® -* 


am mil to f« 

Biu» £i!t»m to« iMMrc pm^t i» to t^toew 

tlw fjyr«% £m%»w to ji wdtt to toft mmmA im^r t» to 

.Eito S m Csto tojiliw tosit ftftrtt f . to to li4. ifaaw ^ ii$p\ 

mm m to J 

ii • 

} • 

towft giv*9 lift toll mfutofti xmv^trn 


^ at tot toftftFe 


toi liiMwt 


iia« to toi totting jf 


'■’■ •S' • 5 * 

to §mm • ftfiifttitlto.^ mUtim. fw fmmt^ € « tM 
S| F to tiw ml»nam tof « »«iii to** s ^ F* ? i» « ftot 
mute finlto tonlii^jrj^^ i»i 1 to « fi#it fwto tolii f4i4to 

**®**'* ^ toterto iti»r«t to *m mm tot tof#wto« 

to liftyftto to iw»»i4#i»toS FtotoiflF ^ Itoito I» Fj ^ » S j 


iito {t, S j ♦ t* toto toitoi 

to»«»toi S*2*Sl U [_1*t F] tot ftofwrtj 8 to4 ^3?f S j &«tia ^ > 

totoi |»* S j iiiHi fmm^ C • 

tow#! It to to toMfSr totf 4f{Sj^ tortt m fiatot ftoiiitt 

«f 1 tiiA [y 


7 liMl Stofirtii ®lf F toto I *1^ « f tott# 



r;6 

of R. low ^ ^ fe Had 1 wiiai eaeh ^ Sj implies Itoefc 

^ ®i3 ^ ^ eaeR 1» slmce £k, has Ptopeirty ^ with 

respect to the basle • She latter, in turn, implies that each 

8^^ e lad IS to Tiew of Rroperty f for [i, S j with respect to the 
basis \j±^ • 

fhus, in Tiew of fheorem ?*2«4, sioee B is a free Ti0a^& module 
OTsr S with a finite basis , we obtain Property ^ for|^l» sj 

with respect to soy basis* 

Q.E.]). 

We next illustrate the oonneetim between pxo;)eotiTe-pairing 
and Property ^ • fhoxigh this will not give the complete equiralmee 
of tlaese im> concepts, our adCiSTsment will come reiy near to it* 
fheorem 3*2*6t let H be a ring with unity shicaa is a right free module 
OTer a subring P baring minimum condition, with finite basis ^ ^ Jt 

» 1. Suppose for each p e P, p. » ^p(i) * ^ where i~9 p{i) 
induces a permutation on the index*»set I, and <ft are autoim^rphisms 
of the ring P* 

!{!hen Projectiwpairing of £b, Pj implies Property Q 
forja, Pj * 

Proof! jtiet TTf be an aibitraiy left P-module. fhen we osinstruct the 
induced R-module TH @ ®7R , Iiooking upon P as a 

set of permutations on I, 1st 0(i) be the P*^rele to which i belongs* 

Shus i e G(i) implies that thsre is a p e P such that p(i) 1* 

*i * ® jf 0(1) *4 ® • 



It not difficult to Yciril^ tlmt cadi I. ie a left t-«KJdule 
and TpC :: ® 9M & dlireet'^ai&B of p>endtid.e8« 

lowp 6 lad P teplies that p. W, ^ p, X. ® 

i 4 e e^l; 4 

* 4 fc^(l) ^p(4)^ ^ ^P) ^ Sad P caid TIXis 

P>-d.rredtiOibl« • 

fhUB Ead P c annlh * in P* Ihaa i»y lieisma 2» eaclii 
ia conpletely reducible ae a P-«odule. Hence Hrf' ia completely 
reducible aa a P«module» 

low let 0 be ai:^ 1-eaact seqtHaie#. fhen 

tbia splits as a P«<e3DBOt sequence since 1^- is completely reducible 
ower P. 

As ^Ey P^- is a inro4eetiYe«>pai3cingy so tbis sequence splits 
as an H’^raot sequence also* 13am THl is a completely reducible E- 
module* 

Pinally let ^ \ P eacb p^ £ P« flmai 
from the oompLete-reducibllity of JTl ^ we hare ( £ Pj^) •* 0 

In purtlcular, ( t \ P|,) ® m) » 0 for ereiy m e JTl» 

H«oce £ \ ® p^ m » 0 for erory m fe 7?7., 
fhia ImplieB that p^ TH • 0 for each i. 

Since TTXwas an arbitrary P-irredueible module, 
ao wa oonalude that each p^ £ lad P* 

®tiis prores that |^ly P|has property • 


Q.E*P* 





Biolugh the oofi-rerse implicatiott of this * 1 ^ 0 x 001 is not 
yst completely obtainable, m almost get so In the ftliowingt- 
®heoi«m 5 * 2 . 7 * Iiet B be a free ri^t module orer a subring B, with 
finite basis , and let B minimum eonditicn* If Pj 
has Property ^ , then erexy H-exact sequence 0-?"^"^ G 

ivith and ^ p conpletely red ue ibis over P, that splits over P» 

also splits over B. 

Proof* If the sequmaoe splits orer P, then ~ ®£^paa 

a P-fflodule dlreet<-eum* Seooe iTXp is completely lednelble orer P# 

Sow Pi ^ 1 ia«>lie8 (£ ^i f \ “ 0* 

since each lad P by Property ^ and nvi is completely reducible 

over P. thus Bad 1 c annih. .’"ffl la 1. SEhsn by Iiemma 3.2*5 above ^7^ 
is comiast^y redueibls over 1. But this implies •»» splitting of 
ths given B<^xact seguenos. 








tb« r«i«p«8«*itatioa thaoxy* fit® tbM» of tlits ofeaptor in 1i^ 

8 t; 2 d 3 r of groups end gxoup<*riags tluoug^ augoaiatatim toetoiquies* 

Bow lot K bo so assooi&tivo rtog witb identity* and lot £3r be 
any wuLtiplleativo group* Iiot A « 10 bo the group ring of 0 owr 1* 

Define augmentation nap C^, f l(o) — I^^Ca) from lattic® of 

subgroups of tl» g^aow ^ to tbe lattioe of rigbt ideals of 1d*e 
group ring A as followsr 

lor any subgroup S of Df C\ji(h) • tbo rigbt ideal generated 


b H ^ in A* 

Define the iiwerse aiigpentation nap Oi' * 2»jp(A) ^ 

du' (=1) - ^ g e &i l-« 

a«a (<J) ^ ie ealled the fundaneni^ (or Bagnue or augm»tatio») 

ideal of A* 1 such that (a » ^ 3 fgg) » 'E_fg*'bi® 

ealled nom epiaorihiia* It i» teowa that CVt(®) » A * ^ Ai if 

a . ^ r g the»'t>(a) • o\ » Ker&. ©efine nt^dlnension subgroup 

«,4«io B of » to *. »• e- » ^ >• 

ftaen the dSiaension suibgroupa of ® few o deseendlag a eeatral series 
a * D ^ Dg^ »2^ ^5"^ -to— to— of immAmt si^grouiw of 

l».x«.L (B,,*,) 1U|“» to »n *”*» “• “ 

too otogrooj* mtAo 2, too too* of rattotol totogoro. 

ootoolio rtto tto totoo of too looor oootrol oorioo for f»e groupo. 

It taoo to- ooojootwo* toot too ttooooloo ootgtoupo Jiotolo 8 of aojr 

g„,up » «o Otootlf too otojtouw of too lo-r ototrol oortoa of «. 

Ihlo io too™ OO "Bltoooloo oottjoetoro". Ooto Q 9 W 3 . Baoart Qsst] 

oat Boooy llsW) »«* oontrltotto «to to oftitootlro, »«l> oo^U »>* 



soXv* 


^ pui^ett of dlmfii^oa ofiNa|«et»»e la aaS.euia'Ift tiaft fmt&v» 
the lowtr e«atx«l fmx’l»« <xC i ^ £x«nip idiaiii* & 

it«oti(m 4«2 »• te«t« triad tkla iatj&iia ttm m t®t«21y ii£f«ap«ttt viiw» 


point « Instead odt ^staidfing saSagroti^ «« 

A * tl^ lower m&tmX. series of tSa® 

xiAg k • T?0 itself and ^n we >i»r* oonaidsred Wm mtlm ■ 

^ ^ iA^\ - tMena owl to l« tfee 

itotmezuliiis owatral wiries of dm 


M psrtioular we j»r®»* tint Qu(0^)^ for ewsT A m& 
• Ajj. We giwe « eetsiter exaaple to jamre tint Aj / 
nMi m prose tint ^Aj^)"^ !• * d«»re»eing .sejEiee of .TO3?fflal 

iaditgxoU{« of Q ouel t^t 

(i) (^ih^)j 

(u) ( ificv* ^ - 


Soon otfctfT iniportont ireeolte are nleo in tlia seotion* 

H Seetiwti 4 *5 we nae to i«»l»t« and , 

durwUrlH «» 1»S« aid) te a «f m}MA 1 TOtidMKl to 
tfae fwAsamtal ideal ^ tie inteiral group vim f '«*%' 

tiriwlnl unit& C®*®* pjooyp *ii® of oo or*i»d *• l«sw 


P»nd to tfcto «ato a»% *'(I) - \1 ♦ P to to 

1 \ .'- «* torthw pww tort p to » (a) Pv I topUrt p to rwaUr 

miT k mk % (4) In tise oeotre isS. A* 
wtmre 1 i« n prnm AA««^ ef A ant # vs/ 



Xa 44 wt liMrt tUm i&m of 

Bmp m& st't4ili(d tlw «iibf.zoiaps of ti» S| with maW*ot to 
OtffteToat typos of sogMotstlm jssps* Xa SoiWat aM 

g«insralls«4 lioo q£ mp as foXXowot 

^(l) « tlHOtt# «U ooajogotoo «f H te ®* 

oum) » (1^) « « ” ^ ‘ 

liiere ^ and aro uppor end 3Lawtr ao^atatfoa a^s trm tHo 
Xmttioo of siifegroups of tlie gjPOOF S to tbo JL&ttic® of idoals of tin 
grottp jlaag A m H0* Wo haw fhrthor gsaoifallMid ao foliow#* 

Jmt ^ m S3^(6) • tho droop of all awtoaorjiilomi of &* 
at ^ (O) m ” iiioor aotKHaoriMiW® of 

^ ^ («) • tho sabfroop of tho groop ^ eootaiiiiiig^ # 

Moo d«£i»o ^ ^ ^ 

aui»wtatl«ci of H with roapoot to whore d^waoto® tho 

loft Idool aoBorotod by tho sot of all eleawte 
h ia H « Shoo wo iwovo that 

"If 8 la It (®) l» ftalto thaa ^'SsCs) has a iwai-tjfiwial 

tao-«ldod aaalhllator la A* Commtm'iy c^^Cb) ha® a aoa-trlwial 
ri^ht or laft aaalhllator to Af th«a 8 is ftoito • 

. fiaoliy wo haw® prowedi 

(,) B « u » tliiito •»1>«»>W »* • 1^^°* ****^ ** ® “* *®“ 
■e.^1, OtB *» 

(») Oiior«mly If S IM •»»*•* i4i»ro<it»rt»*i« » Mi « in Mjr «*«S»<W 
of s. «« a<5^) lo «ajr If « i. . ftflt* of 

a jp-^los avbggmp o< 



la ScetlCd 4*$ «• 0 ,^ liiiA aad aoimcOLoigf 

tteoiy tar ai>8olai '^pii« of wjypmlaS lapraixtadi 

group rla^* ‘tlwit w« 4«al vlth axo rolatM to <lif 'forwt tf'pti ^ot 
stigaMLt&tiOB iiapa daetioeoi la inrwrioua ieifl«e« j^tto we oMida' 
results esueemiiitg teaoiagiesiL ilA@a@i<»s <qX Mttmvmt tfpeg «£ 
sU(pM(atatlaa i^ngsa* 



4 •2* file OeoliMl Cbaias jba Groups and Group Bingsf 


Let A * HG te lii# gxo^ ring of the group 0 over an assoeiative 
confflEutatiTe imitaix ring 1. Let ^ i L(g). — — ^L (a) be tl» au^entaticaa 

Jr 

aap such that H Cr l(g) iKpIiee ^ (s) « ■Oxe right Ideal in A generated 
bgr the set ^1-h 1 h ^ h"\.. Follonring fasts about Qj, are well known 
See ConnelL^ 3 * 


4.2.1 1 

(I) t-« € OJin) Iff g € I. 

(II) If the set generates the subgroup H, then the ri#it ideal 

generated by ^1'*gjl^\ 

(iii) • ^afe- A» a*cu (H) « o\ oiff H is finite. 

(Iy) H, / ^2 OuCHg)* 

(y) 4. Hg inpllee ^ (H^) 4 ^(ig). 

(y 1) a.(H^x3 Hg) . Qc ^ (Hg) (lattiee sun) 

(Yii) a (H, ^ Hg) c. a.(H,) (Eg). 

(rLil) Q[,(h) le ideal iff H is a normal sid>group and thm 

®»£ C^H) = denotes canonical ring isomondiian. 

low let CX,' *Ly(A) ' — ^ *•(&) such that Ua(»^) »^g & Gt 1*^ fe S 

i* a iS#^ cf A » S®# 

loUowing facts about <*' fflid QUare well known (again see Oonnelt-^ii^ ) 


4 C '2 #2 1 

(i) 

(ii) 
(ill) 


J is an ideal implies ^ («r) is aorraal . 

6u 1» ca^d • 



^5 

(ir) m (S 

(▼) VJ a^) 'Z ^(.J^) 0 

(▼i) i-Ao Af(H) « H» 

(tii) i\ al(j) , 

(»iii) ■<%}{^)m^{ 

(ix) 

let (J « <1^ ^ ®3^ ® 4 ^ tbe lower eentr^ series 

of Gy wliere >®) recureively mi. fer Sy f ^ G we liave (Syf) m 

tiie aiibgroup of G geaierated Iqr all tlie oomutatore \(s,t) *» (Bts"’^t*’^ * 

8 fe Sy t <& • Sizioe each ® (noraal to g) so each ^ (G|^/ 

Is two-«ided ideal to A* G is asdd to be ailpotioit <4GStJAl«?i!Sl 
CJUi.'3i^‘.xjw S»A>)^a 4. > (i. . 

Oa the other handy we have the lower central series of the 

gtoup ring A « BG i*e# A • A^ t> A^ '-'“■"•*'*- ^ ere the 

terms A^« '|_A^^^fA’^ reeuxsirely and for Sy f 4z A f ve deftoe f \ * 

the ideal to A generated by all addltiwe eosiautators 

^\8yt3 ** St -tS ISfeSyt^sl 

A Is said to be of finite class 3c if its lower central series ends after 
k stepS) Ic M-tnitnai , Ag » \.AyA^ is celled the coaBHttator ideal of A* 

It is not iifflcnlt to proye that if A is of finite class then the 
oomautator ideal A^ is nUpoteat to the associatire s^se ^see for 
proof denntogs earliery the purpose of tW-s sectioi 

is to indicate the relative properties of these two central series with 
respect to the aupsmtation aap* 
fheorem 4*2»3t Qji{Gj^)^ A^^y for every i* 

J^f I We have 

ifibgT^h*^ ■ (j^-hg) g \ ^ + 1 



^6 


!••• is$h) -*1 ■ ^ foir »v®iy g,h fc. 0» 

80 (fi»k)-1 fc Ag for ereay fc § 
and besic« Ag. 

lew afi8UB» that Oj^Q^} for 1 « 1,2, ,a, aad uso indwtion. 

lot® that <^(g,h)i g €r e q\ and Q* d-etgfe 

Thm ghf^^h^^-l » («^i-hg) g“V''^ 
and gh - hg » (g-l) IHh (g-l) * \g*1#h3 

Also g ^ g-*1 ^ Qa (Q^) S: hy th# induction hypothesis* 

ibnee g (z. 0^, h fe: 0 r%> \g-1»S\ ^ 

fhua each generator of Qa(®^ 4 ,|) As ^ said so Q* -V^.! 

Shis ecsni^letes Ihe inductlcn* 

Q*B,D* 

Oorollaxy 4*2*4* 9. for erejy i* 

B?ooft fro® shove theorem Q«(6^) €: A^, for wreiy 1* 

So a} Aj(O^) 3 a (a^) hut Oj Oa (s^) 
and heoee 0 ^ (a^) for ewry i. 

Q«g*!D. 

Slieorwi 4*2*5* AjCSg) • Ag* 

Bcoofi % (ISieorem 4*2*3i <X«(0g)^ Ag 

Cte tl3» other hand, ^ generator a of Ag has the form 

OlX ^ 

V^ ^ V-N ^ ^ V-S ^ 

ediexe hy <fhrK»«T***g proper ins^r of aero coeffienis, we assume 
mat Sg/\ is a fixed finite set of el^aaeats of 0 airaaged in sons 


order* 





4' 


S7 


* 'l 'V.^i * 1*4 * 83 *i'\ 

* \ 3 ,r 3 ( 8 l«i - 8381 )'^ 

- ■^'1 v-vji'wr 83’ -’> « 3 *t^i 

* \:v4l^*i «3> -'\ 8j8;;\ 

wMoh tBipllsa « e Ot, (&g) 

and so • fims ws hare 


Corollaxy 4 *2 *6* 0^ *» (ig) 
frooft ObTious 

liSMa 4*2 .Tt If & is anlIpot«at group of olass 2 gisieratod by too 
slttaiaata x^|Cg aueb tbab la mt ailpotaat thm ji % (S^)* 

j^of I Q is niXpotwot of dlass 2 iaplias 8^^ •* 1 Im^ias CXj (s^) • 0 
So I baYs to prose / 0 

Suppose to tbe eoutxezy ^tiat 4^ • 0 i»e« A is o£ finite elass thm tbe 
eomattetoir ideal Ag is iillpot«Bt^ ^t A^ * 


(x^,Xg)-1 1 OLCSg), so (x^ x^hi fc Ag 
to be not nil potent f so Ag ^ nilpotent# Sbus A^ 0« 


^Ixttsple 4.2.8* fal» • A • 0 1 

1 U « 0 

ho© 
\p 1 0 





•if \ ''‘W^ - Vs^ ''Qj«je>/v X3»><Lsu, ''^^jcrvw \ . 



f^l 


md Xg*!" p-t 0 0 

) 0 -1 0 

I 0 0 1 

2 2 

» A ml (identic aiatrix) eo A 

X. m 3^ ml ( « » ) B 

itC* 

fiftkB am ^oup S to generated 
Than (a, B) -I » ABA*^ - I . 

eosmites with both A md 1* 

So m I l.«* & Is idlpoteat group of Glass Z» 

fvBtOmr (Afl)-I is m% nilpots&t 
90 by sbovs Bawaa A^ / ^(S^) 

fheorea 4 *2 *91 ^Cii(Aj^)^ i * 1|2|3 »•••** is a deseeadiug series of 
Bozsial stdigroups of & euoh that 

(a) j ^ ^^i+1 ^la abelian* 

(*) { dl(V> ■ 

Bjcooft (a) Bet g t ^ {A^)» h fe S, we pro^e »ore generally that 
(llih) ^ ^ 

Since g-1 So (g-l) h ^ h(g-t) €: a^^^ whence 

iMig • (ghg*^h"*'*t) hi €i A^^^ 

Since bg is vmAt In A and A^^^ i# an ideal so sloig \ ^-1 €s A^^^^ 



these t»o matrices i.e* S «^A» b"^ 
0 0 0 i| 

1 0 1 ol --2i*wd. 

\ 0 0 0 -2 ii 



UpUa, ghg-’h"' fc 1... (g,l,) fc 51 (a ) 

(k) Let fc oI(a^), e^<A^) 

Thea let » 1 ♦ aad g. A^ 


H«>c« - 1 ♦ («j*j - gjg^) g-' g-' 

- 1 * \(lA«j) (l+a^) - (l«j) ej’ 

- 1 + (a^Aj - .^a^) g-’ gjV 

■ca lkj_, X'j\ % A^^j and an (a^a^-nj.^) fe Aj^^^ 

^^<i| eie*f 

So % gj ^ ae A^^^^ is ea ideal. 

so (gi.»j) - dAgj^'gj’ = 1 nod A^^^ 

SO (gj^tg^^ ^ 
tiMzefore 

< cC (Aj^). oi-' (Aj))S: ^ (a^^j) 

0oroll«i7 4a2.10» If A le of finite elaes lc» then d is ailpoieat 
of olase flitnost k. 

f!3roof t A i» of finite dlaes Ic implies C®) • 

But « lonw that c 51 (A^) for «.i7 1 


Q.E.La 


La partioular • {%) 


Q*£«]D e 


filUS * (l). 


flioorem 4*2«11t If g fc-^CA^) thm (gflk^ 


for b 11 bj, ® tmA my posltlTe integer m* 


feoof I Lb tbe proof of fheorem 4.2.9 part (a), we bays alreagy proyed 

(Vi^ 



70 


mmm m 




jyad m% indtietiOB m hsfs 


-*•1* a' 


m mmm 


«1+(eli •toe) to*^ 
'am a ®- a a 


- 1 \(v'> V'^ - 

- ’ r\f. \ -’3 'i *C’ 

IM 9^ -1 €: ^ (toy iBdttGtioii tossrpottoesie) ly -1 C:. A 

®° l?a \ \+a l®a^» V-NA 

fhua (g, to^.tog, -tV = ’ 

l.«* (g, *V ^ ^ ^W' * 


Q,E.B. 


Stotorea 4*2 *121 for may x fc ^ (-^) and y* d, 

\(j3r), ^,.j, -.i^i= x\T,»,,ej.- , 


modulo 


la pmrtloular, lor y * 1 

\x,«^ta2* W 

Eroofi\^t*^ * » ^ ^ 

- X ^ta{\ '♦' wtotre x « 1+«f * 6: ^ as x <X* (M^) 

®touui \^>1 ®“* 

\y»»i) ^ \+1 

Sow asauaa ^ - 



toT B0» rfc 

Put 8 * ^ 

“4 

=1%,.^ n>d A 
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4 * 5 * 

Hew m turn t© qi»8i-rBgQlari43r of «*aFfea4» IB t&« iategrrfi 

group rln^: So bonot on wards 4 » M» Ik soar ring !« m tloiMUl; 

r fc S 1* «»iA to bo (imol-roialar if tboro «cSot» waothw* el«wftt « & 1 
ouoli tkot r owr + O't-r®»0» Sow I i^oall 'b# gS-wiag m charoetoriifcotiiSi 
of oi (1) ia @ of iteao I 4 0,(3) • A . 

fbooro* 4*7 vl* Iwt A *• 2® bo tlw iutogral group r3ag baoiag only triwli^ 
wito wiioa a i« OB ordorod group\ iiid X « tSboii 

* 5 ^ ♦ ri r i» tuBSI-rogttlor ta l\ is oraotiy %h» rnUtH^m. ' ^ (x) of 

B»ofi Iwt gt ^l) SSbsB g « l-tr for soot r fe. I* AXioik 

•111 
So tbat i • t ♦ r for seas r 

wot t ^ $ 

Ueiieo §g' • 1 « (tor) (ttr ) • I^KPtr ♦'r 

til 

«ul 00 rCbr «r^r orr wQsoris fisad^roguXar III X* 

GoriTCrs©!;/ wo b*ft 

t 

If r lo quosi-^^ulor i» t witli fuaol* iaforoo r t I* 
t ♦ r + r^ ♦ rr' • Ct ♦ r) (t ♦ ^ f ♦ r I* » unit to 23* 

»roa -Hii ob IS olX ito i®it« art tritisX *o tost t *► r « ^ 

toioxo c fc f • ia a atot to 2* a«o® toe ossOy laiit# to S «*• J|\®o 

l + r- gorl-tr**®' 

If 1 ♦ r •« tooB r • g»l Otoe* r ^ X ■»■ « ^ ^ ' 

'On too otbor li wM H if '!♦» • "S to« r • t X ~ A 

*»t A - tum% •«. S. a . » 

£»(r • -(1%)) • -t totlto to not wMPo a® r ^ ^ ♦ aoentra^tioo : 

00 I ♦ »|X -«• 
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M»m 0 1 + r •• fi «ad g e a*(l) ao proTed above, 

Q.E.I). \ 

Finally eonsidwr Hw oaaa of a finite group & * »g^\ 

and ita integral group ring A » g &• liet g (d) be C'^atre of Ji and # (G) 
be the oentre of 9. 

fheore* 4.J.2* For any ideal I 4 A, r ^ i (a)M impllee r is quasi- 
regular in I» 

Froof t let a « tr^€r§,g<&(l. fe »isb to find a*c= I 

etioh that a 0 a* * a4a^4aa*<^<i We aseum a I (a) ^ I* 
loto that ie a* exiata tbwe a* » -a^ea* €=1. 

Sow if a’ were to exiat then for a’» 'trl g, r* &, g ^ 9, 

(l+a) (He*) « V * (H r^) (l+ g) 

» H-sir^ g e 's.r* & * "t. t* ^ gm 
Sinoe & ^ St (a), we we also have 

(l4a») (l4a) • 1 «» 1+ ^ r^g + ^ r^ g. 

EeneOf aubtrMtlng we get* . ' 

or ■£( r^ . 0 

" ^ ^'>8-r Vte’ - 0, tor «.iy r 6 » 

Putting X m g^,g 2 *~‘i^ and noting that for g,-1 we only get trivial 
equation 0 • 0 ; WW, ^ w^cvxrs ^vvojj^ ojyvfl^crvs^ 

\ %-U * \ ''«2-tg r^r^.,g 


g iapli«8 g^ • 


tli«r®lore t* ix^ ( r - - r ^) 

g, g|-ig & &fJ gg ' gg-lg ‘ggg-r 

p* (r 

«a 


'■L ^V-1 «- 'g « 


therefor# for g * 1 we g«t trivial relaticai 

therefore for g « 

we i^t &-1 relatione in & imkaowns 

yi «,-r» «4iioh is solvable 
*1 ^ 
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4»4« Oe&eralized Au^iMatatlon Hapst 

Am pointed out in tlie introduetioa of Uiis ci»pteac*, I shall be 
dealing with dlfferwat types of augsaentation aaps and their lelations 
to the lattice of eiOagzoups a£ -die group S and the lattices of ri#tt 
left} two-sided ideals of Ite i^up ring A « B@« following notations 
will be used in seotitmt 

Ii (g) * the lattice of the subgroups of the group S* 

I^(q) m the lattice of the noraal subgroups of the group G» 

1 (a) *■ the lattice of the ri^t Ideals of the group ring A * BS* 

T*l{k) •» the lattice of the left ideals of Ihe group ring A « EG. 

L (a) • the lattice of the two*sided ideals of the group ring A»1P 

^(g)* Sb « the group of all autonorphiiais of G. 

X (g)* ^ • the group of all inner autoaorphims of G. 

^(G)« ^ « suibgroup of ^ containing • 

We glwe below the definitions of all types of augaentati<» fflaps» that I 


shall be eonsideringi 

Definitions 44 .It (i) D(G) — U) such that for He d(g), 

Ois^Cl) is the left ideal psaerated the 
set *' H €r S\ itt A* 

(Xi^is hilled tae left augpsentation laap. 

(ii) CL ^ (a) such that for H eD(G), ^^(3) is the right 

ideal generated ^ the set ^t-g \ g fc H\ha A* is called the 
ri#t aUi^ntatioB nap. 
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(iil) ■" J*(a) sueJai that for B ^ 

(X, is oaXIed ths au^mtatioa map^note «* aiagousideal 

(It) 3i(®) 1« (a) 

is eallttd tbs Isft upper aug^otaticm map with rospeot to , 

(▼) ^ ^ * ^(®) ' — — ^ (a) 8«t 

ft ^ 

1» oollsd the left lower augaeatatioa map with respect to 

(wl) ^(^H) aad q.\t h (0)— 4h^U) aad 

"IC^is ealled the ri#t upper aug^^htatioa asp. 

(tII) ^ 

csu^ is ealled the ri|ht lower aa^eutation me^. 

We shall he uriog ahOYe definitions and notations freely without 
ref erring them again and admin throi^ out this sectim. 

All these seven typei of aupsentatioas eoinoide iff H is admissible 
under eti' automorphisms ^ ^ • 3En particular it hiQ?pens always if K 

is a oharaoteristlc subgroup of 0 and so there is no differewse for the 

terms of ths lower central series S w 0,^ of S and 

lhat is 1 %- in ths previous ssctitm, we did not introduce generalised 

augmuitatica map* 

Birst of a li we prove the du^ity theorem which will enshle us 
to drop the suffices aMd^r** 

fheorem4^.2. Uuality-iaiecrimi , for all H in h(0). we have 

"oiJ^Os)* ^^(h) and 

Proof t So prove 01 ^{b)*» 

a ^ since H(av> m) 



77 


ii tiJ* Ideal gaaemttd lay tbe m% tmi«Ks, of t H S 

g »4 ^=:r w»\ 8iJBll«fly ax(l) VJOa^CS*) *« Oa-sCl V> S*) 

felt foy any J:ri_^s©t 9« ia S, 'I'S.Cs) ®ad »xe defined in 

^ oijifioa® wajr an jeft and ri#rt Ideals respeotl-rdly gmeruted by 

tt» set ®* 8 fc s\ . So we hare 

■r, ^ 

^ ^ similarly 

8 fc tij) , th«a a ie of tbe fora 

n-V- %'"f- -l) Since be»J^ so h for some % • 

wiispll#* tiber® K^xLets soae b* <=■ H soch Ibat b « b 

go 8 ** “Sil- CV ^<r ® ^ 

m r (gb^ *is) 

T eet 

C; ^ ^ % fi 

» ^ {^' 




•s::- (b 


■l) r K ^Since^^^ sMd \ 


SlaileoT’ly it o**- ^ idiown tbat "" 


!o jap^wr* 


> ® - 

C3^^(a) » ^ 

(s)- 


^ I«t S fltnot# a fixai complete system of coset representatlres 
of H (for ) in S, ]iet be left cosets of h'^ in a, and 

y f 

®^Ts ^ liglit CO sets* Define the free left fi*etodales and 
owr tb* eollMttMia of *r*liolB iin4\oyjl, rospeetiToly. 

D.fla. i>ape lA ^ and .a ^ roopeotiaely 

^ tiM formulaat 


sl( lir «)- . 

T w ® % 

Where and J^g are left and right eosete of corresponding 

& 'Y 

to g in G* fhea obYiously and are H-module epimorphlsms, we 

Va ^ m 


show that Xera “ Qnc (n) and Kem 


'^•1 (H^). 


clearly for any €: H'we hare 

B & <1% ^ 

-Ov * -g)" ^ »o 

' j 

SO 0Uj^(H^) ^ Kem 


I 


Otsrrersely 

C^( 


^ 3P~ «) 






# ) « 0 


„ -?! r^Jf 0 foreiXg & 5 


since is B-free. 


Bsnee if '^r « e Kem ^ 


X 


't.te •» 


® ^ which is in 
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Ihww. ban (H^ ) . ITO. oA for each 

®*iJa^for each ^ 


Similarly ^ (H^) 


Bw 0ciii0M«3f 


• — .e. 1. 

“ ■ ® 

t 0. 

L«t « © ■^ 


“©'SI lie 


% 


ant <*} » © 'll 




The sapping^ t definad by 


• easily asm ta tot m l««i0€i^e 


‘ *, 

'L.. * 

^ % 

iacworiaam sueb that'^o^ « *3^ 
fiba dla^p^um ^ova tbaae relations 



y 


ainoa la an iaoaariMsm 


eo Saxn ^ » Kem 
But KemeJ-rn ^ 


ind lam’3^ 


i, ^ J 




^Ch) 


o!r^{i) » (i) 


Q.B,I>, 


m Tlaw of aboT® dtMlity theorem m dafisa further 

(l)* call GU^ as upper augmentation 


Bap 884 siBiiarly ^(s) • ^(l) ^ mS. caU 

®® lower itt:«sa«atatioa sap. 

Oorollaiy 4.4.3* g t iff t-g t 

froofi g fe g t for eveiy e OU^CH*^ ) 

for eTBiy '% • 

-z=^ 1^ ) 

1*lg 9^(S ) • 

^ -Tr^ ^ &>SAaJxiV Q l-f) 

Vv'sV.X^V. \..c^ 

Vow we alBtll giro a oliaracterieation of lihoee si^groaps 
H of & whose order is flaltt i»e. finite svibgroupa of (>. 

Theoren 4.4 .4* If H in Ii(®) is finite tben %^(s) has a non-trlrial 

two-sided annihllator in A, If has a aon-trlTial right 

or left annihllator m A, then H is fliiite. 

]Prooft Suppose H is finite f then all S are so. Define 

^ * 

low (h -l) e^ » 0 for every h €i H and hence » the right 

annihllator of oujj^Ch'^ )* ^ ^ jri^^t 

annihllator of ^^xii ) - ). 

% 

Sifflilarl^ ' i® aliio til® l#ft 

So "V\,i8 a non triwial r4#t annihllator of each ). M 

partleuLar of Q^q{S) *4»loh ii^lies S is flnita. 


Q.B.D> 



4 *4 .St If Is a direct sxjraaond of A » 1§ tbm H is 

finite* 

Proof* liot A m ^ P where P is a non-sero two<%0ided ideal 

0f A* 

so ^ ^ \jwhere for a std>aet S of A 

*^X ^ A\ xS m o\ 

How a^H) 'r. fe A : Sx » o\ J 

. t^C®)] / 0 ^ / 0 

H is flEdte* 




: .. Sii^a in Xl\‘3,^ proted fellowtng theoreal 

4.4.6* (i) If Clttir t • p® , t If H is a finite suUgioup of a 

p-^lcsw subgroup of ihe group S, then is nil 

where ^ 

(ii) Coorersely if 1 has etriet eharaeteristic p and H is any 
subgroup of §» tbea C^t'^Ca) is nilpotent only if H is a 
finite sibgroup of a p~Sylow subgroup of &* • 

We shall prove below ^at even if ^ ^ » the eoaclusions of 

the theorem remain valid. 

Definition* A ring 1 with mity I is said to have ’strict dharaoteristio 
p* if ftnr any integer n / 0, n*B«0 P /n and vlee versa. 



Si«or«m 4 *4 *71 (a) If H is a Unite sid>group of a pssylow sul^group 
of a md Char R » p®, than ^^(H) la ail. 

(b) ConTarsely if R has strict characteristic p and I is any 
subgroup of &, then is nilpotent only if H is a fSaita 

subgroup of a p-^low subgroup of 5. 

Proof t (a) Sinoa 

% ^ (H). ^ )m 0^^ (a) 

Sinoa by result of - » Sinba B*^Cs) is nil 
and Q£^(h)?. so is nil 

(b) From daflnitions it is olaar that 

Suppose Qji^H) is nilpotent* ®id.s will be so iff for sons positiTe 
integer If ( « 0 iff for every choice of I eleaaata 

a,»» 2 * •••••••faj ^J<4»CS)» distinct ovnot, we have a^a 2 «^*..*aj |«0 

Iioa iMs It is obvious that Cu^(H) Is nilpotei^f 

^e result mm follows from r* Sinha’s ■ttroore* 
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On lug!MQt«d Qxt>up>illQgst 

A l«ft augmat«d ring is & tripl® (E,S|e. ) where S is a mltBsy 
ring* M is a left S-ffl0dul«i Cr ■. S — M is an R-epljrorphiw* M is 
Galled tlM au^i^tatlon module | e. augasabation map» I ** Keme. the 
iujgBMntation ideal* Jor further details one is refereed to chapter 
■fill of \1"'S.\ • We shall be lljaiting oureelYes to the case where the 
base ring is always the group ring of some muLtiplieative group ff over 
a uiiitary ring* 

Let & be m arbitrary auLtlplicatiwe group, R be an aeswclatire 
ring with unity and A>^S be group ring of & ower B» ]^me pre-vlous 
section we have the following augmented group rings whioh are related 
to different types of aug^ntatlon maps* 


4 *5 •I * Special types of au^paented group ringsi 

(i) (a » EO, M » 1, ^ ) where S is trivially an lS*^dule ( i*e* 

( T " 'E.x^t'T) mad is a norm epimorphisBi of 4*1# la 

this ease the augmentation ideal is A (Jthe Magnus ideal^and we have 


the short exact eequonee , 

0 — A ^ A««B® ^ 1 — 0 

(ii) (a » M&t ^ ) eteere and are as given Sa the proof of 
the duality theorem of the laceviow sectioa* la this ease, the 
idwKl will be ®*id we have •&« short exact 


sequenee, 

0 — ^ A"B5 ^ 0 

Earticular case Is obtained by patting 



PA 


In general for eveiy left ideal I of A we hare augmented 

-roup 


(iii) VA=nG'j & ) where fc 


is the canonical epimorphism 



”'e have tlie short exact sequence 


0 I 0. 

(a, .l/j, €: ) ¥«’e shall say the augaianted group ring associated with 
th€ left ideal I» As a special case w e slia-il consider I ^^(h) . 

‘i?he homology (and cohomology) theory of (l) is well known. 

So we shall confine ourselves to type (ii) and (iii). 

■ve start proving certaiia results which will be needed in the 
sequel. In Lenmia 4.P.2 and 4.5*5 we shall take and as in C\'?r\ 

denote^Vg^H) by ^ (h) and denote 

05f^(H) by and through out A=EG-. 

Leiiua 4*5*2: For every subgroup H of & we have a/ SL* (h) ^ E G/g 

where I! is the normal hull of H in G. 

Proof: From Theorem 4* of we have 

a(H) = CX, (h) . 

From (viii) of 4*2.1 we have A/ CX6 (h) E»G/g • 

So v/e have 


* Theorem 4 of \lS'^'\states 

"Let E be any coimutative ring with ® is equal 

to the normal hull H of H in G iff 0.(a) = W”. In the proof 


of this we donot need commutativity. 



C®af©ll«iy 4*;.'^ tm w«»y 'iRdigwu|> I «■£ ©■»« tov* an aapwalted gsm.p 
nag (if -> t ). witb mgmnt&Uon Maai . 

Broo£i dffoiljr 1- i* aa A-«»aui.» aad m hmm trm tfee 

1^. ^^ tte ' '■ 





wlMHPa ^ i» m iiwwi'itoaa iua& e -=■'«* e x 

m a smiar w&y tait «i4ii mt m smell w 1mm 

4*$*4t Xtfl B 1» a nag mida %li«l «ff»iar fiallt^y 
jf«te B-aednie la a fiaila ilafaet »«* <rf SxT»^miVl* i-amaalaa* 

iwt $ «i«i V gyi W = »*»•»* ® 

wAiam 1^ »UHui Iteeti# all e^Mgatsa oC 8 la ©• 

Proof I Wvm ffeaorta 5 «tf »• imm ms&«x thaat «oa4itioa» 

M*)- 

m$. 9tf m Irtama 4«$«2 lmr§ 

ij^W - Vc(.cv,-J '=■ ' 

C N w olla ^cy 4»5'*5* 8»4ay Js^peliiaeia la 4'*5»4 ■»« Jiaw aa asaoelalaA 

wigBUtal exam ria* U. *•»!« > *« « •*«»“» ■ ®* ® •*■** “-"“i* 

at il*» Hoaeloir (©otooiogy) tfeaosy f«v 

axwaanaA gww ri«« U* »% ^ iwnllal fei? 

a«|«wajrt>ti ipmm 



We hare iliort exact sequence 


0 ^ Q«^(h) — A — ~5> 0 

fezisorlQg this sequence on ttie left t7 a ri^t A^eBoduLe ^ we 
Imve an exact sequence 

I fc 

<J ® A Q ® A ——- A Q ® M ' — ^ 0 


iL®i 


Ifll Jlk 

“ '^Xq i 


S r § -4“ “ <2 ® 


So we have 

4*3*6t Q ® l^^ %Qo}mm^ •Ootezn (q ® ft) »0 Q%A^. ^ 

fro* 0 - ^ --"5> A — ^ 0 we fear# for left 

A-iBoduLe P 


0 — Hoa^ (VA^f^) ^ Hoa^{A»P) •^— ^^(2)f^) 

wMoh glres . 

4 . 5 *71 Hoa^(M^ »^) '^Xe»‘= * (loa^(AfP) — ^ ®^j^( 


• Kern (P ' — S Hon. ( i ^)) 

A 


from ■»» exact sequence of Honology Theoren we iiaT* 

-A for .(ft f 

Jl+I ** 

-Alor. («. *) 

3,Ior,(Q,A)— 'llorife. 

-A 9 ® A — ^ « ® *'^ — ^ 0 


wMeh gLreB 



4. 5 *81 2or^(Q, ) '^ K»«i (q ® Q % i) 

* lam (q ® 5:ai^(2) 

low 

♦ .5.9« Ior„(a. «'^ 5 ^S.{h))) fori.> 1 . 

Since for^^^(Q,A)*«0^8 A is A-pro^ectiwe^ 

• (Q» a) 

low telw the ejEeot sequence of Hoaology Iheor^s for Extension 
funotO-v we ixaTC 

'O- '^lon ( 1^ ,E) - )>mm (ft,?) — ^Bbm ( ?) 

~ \ Ext^(M^ ,P) — ^ Ext' (a, ?)— ^ 

Ext®*^( 2^1), P) — ^lxt®(*^ ,?)— ^lxt*^(A, ?) 

• >Ext“( 25 ^(h), ?) — Ext®‘^^{llSp) -^lxk*^'*'^(A, ?)-N' 

we htiwm 

A «i lOi I'J ^ ,( . / V 

4.5*101 Ixt VI fV ^ xtsage (f ifew( 2^. 

m Oolcem (P 

As Ixt^A* ?)“0 slBoe A ie A projective) 

4.5.11* Ixt^CK^ ,?) ^ 2?S»(5)s 3?) tor a> 1 

since lxt*^(A,P)*0 for a ^ 1* 

SiaiXarijr ®*® 4»telope ttee fartiier tlieory with tae laeXp of 
(tester wlit of LV^ ♦ ^Tor en example ^rt ewiet seqiMaaee 



0 ~ gives 

1 + left global diaenaion ^^(S)“ left #obal diaenalo® M 

ifbea M is not A-pro3ectivs. 




See Page 150 or Page 47 
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SSLATIfE-HlOJECf WITY m H ®(XJP IWGS 

V 

5.1 • m’Rouua!!?ioss 

iji st&tttd to OMtapter Illf wt shall gtr* h»T9 applieatims 
to ijrouprtogs of tl«> ralatiw-^proJoetivitjE:, aB4 propar^ ^ . W« 

giTO bsrs a sort of e<aiwrse 1® Clifford’s fbaorsm page 

345 wbleh sajro toat too restrietioa to fH {vhnm H to a aozmal 
subgroup of #) of STsiy irre&ueibls F3«aoduto Is ooiBi|d.at6ljr 
rsduoibls* It to sail toosn that if § to a ftoits g^roup and F is 
a f told suBh that tbs tetemotoristie p of F to a divisoac of too 
ordar of S, for mo^ lH^lo***««togr©«p of Hie sad^group* 
rtog Wp «tt3<ys the jaroperty that erei^ fS-eacaet safUMioe of M 
aodultts for sbieli the oorrespoQdini seguraace of restrieticaMi to 


fSp oplitB thea it ia aplit war F(J itself 'L€>li*e, is 

& pro3«atlTe»palriag, 

fi» property ^ aad relatiye-pieojaetiTity are related ia a 
atrcMig seaae na bare showujia particular, 

"Let H ^ S aad 1 be a ring wLtb mity-sudi that IG is artiaiaa. 
fbep ^S| G,h\ has property ^ iff for e-vexy irreducible SH 
nodule I the induced IG-nodule ia completely reducible 
orer HG"* 

We piroTe further 

"Let B be a ring with unity and B be a attbgroup of G» If 
S» H ^haa property ^ for each S in G (l) (the eoTering class 
of H in G, for definition ate 5 *2*2) th«a,^, s\has proi»rty^ 
Conreraely if^t» G, has property where B is a field, then for 
each nonaal subipfoup S in G(H), S, has property ^ 

So many other important results ere gieen to showr the importance 
of property ^ in the study of group^rings* 

La Seetion 5*4 ee prove a theorem aa a corollary to which 
followa a rasuLt of B.S* Basfiffl*® « fhough this seems to be 

out of context in this ehapter, yet we inoliade it here, in order to 
atoid a eeparate dbapter on it* fhe main theorem ie 
"S ia a subgroup of iff -'^1^ - Bad IG* lor the 

definition of (H) see inside 5*4 4* 
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5.2. 

Dttfioltlcnt 5.2.1 1 If <1 Is a group aM H is a subgroup of S, thea ls% 
a a U H bs a fixod eoset iseomfsoslticua of S orer H. le caa regard 
tils grou]>..riiig as a ring wltb unit sad BS as a eiibriug of B0. 

Saob eloBs&t of R& is wlquelj xepreseatabie as 1 P^ where eaeh 
p^ e SB. fhus S6 oan be loolrad upou as a fsree ri#h sodule over BH 
with basis :^X^^ . We then say that |^S, St H jlas Property ^ with 

respoot to the coMt-representatives t if SH| has properly ^ 

with reepect to the baeis , to tbe sease of Deftoition 1 above. 

DefioitiOB 5.2 .2t Let t » B X . I be a ooset-deconposittoa of a group 

X 

G over the ejdsgroup I. fbs class ^(h) of subgroups 5|»<ajX^ ,..,X^ > ^ 

^12 « 

t < oo * geaerated by I aad a f toite waaber t of eoset'.repres^tativee 
I » will be oaltod toe Ootertog Class of H to B. 

ftoe laaaa below shows lhat 'CiU) is well-deftoed by 1 »4 S* 
lamm 5*2.3i ^(l) is todepeadeat of the dboioe of coset-represeattioas 
to G over H. 

Proofs Let G » B X. H w!*s G » B y . H be two eoset..deooffl.positiQB. of 

* f 1 * (i) 

G over H. fhea each y^ « ip * tor soae h tS, aad «»omb X^ to tbe 

(i^) Ci^) 

set I.. fherefore <H, y^ >• <«t t- — » Xj > 

S.rt«.iiw «- roX.. ot “* {^ii • ” ■*' 

ta tta MW elaaa at gieupa, i*eXl>ar deftoaS aith ar aitU . 

Q.£.L. 



92 


5.3. 

H be a ring with unligr aud & 1 m a group. If 1 ia a 
aitbgroup of floite iadex in S, th.eaa theorem 5.24^ aaj® that if 
(fi, a, H) has property ^ with reia>eot to one co8et*.docoiai)ositioia, 
th^ it has 80 with respeet to asy otiaer eoset'*decompositlQa also, 
fhe situation ia the case of group.’rings is a littlemore coagincal 
as shown ini 

fhsorem 5. 3.1* Jiet H be a subgroup of S and R be a ring with unity. 

If (Ry &y l) has Property ^ with respeot to one eoset*- 
decompositlout then it has Property ^ with respect to aay other 
ooset •deoompo sit ion • 

In other wordsy Proper^ f for {ly ®y H^is ladepaodent of the 
eoset-deeoiapositlon ehoseny ewen when 1 is not necessarily of finite 
index in d* 

Proof! Observe first of all that ia the discrete group*ring R®» each 
element is a finite sum of the type £ r^.g idiere s ^ ^ 

the eleumts of R commute with the eleaente of ®. 

be two coset-representatiTe systems 
ia 0 over I. fhen each y^ » Zj^.h^ for some and some h^ 6. H. 

Hence giren \ ^ £ ^i ^i " ^^i ^i % * 

where h^ p^ €; RH. 

If [ &, ®i H 

representatiws {X^] f Sad M, then £ h^ p^eHad Ra, 

whence each h, p, . ^ Sad BH. Since h. are mite in BH, so this 
implios ^t each 6 Sad Si. fhis giwes us that £ y^ p^ e Bad W 


J. b«.« Property ^ with resqpoet to the coset- 


low let [X J t and jy^^ 
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liaid,i80 ®aoh jjja gyaaetiy of mgamvA ia t mi. 

filws W8 tiaffi required result* 

QaE*D« 

^ Tiitue of %Ms theoremy liarou^ out tiiis seetlon we 
stoll not s»ntl<m tbe partietilar eoset-representation with respect 


to idilcli we iiawe Itopearty ^ for |E, G, H j , 

Fow reoall that 1 is called a fiBihaosaal-auhgroup of 6 ^ , 


if there ie a ohain 


H *■ 0 "^3 ^3 • ft * * S W 6 G 

0 12 n 

where the symbol S. ^ S. . stands for 1he etatensnt that S. is a 

1 i+1 1 

noroal subgroup of S . . ^ • 

x-et 

If H, 0 »d «« a. .b«. t!.« ft. )>«. . 

INmormm. 3*3»2t £«t B bs of finite index in G and for each it 


let S^» H ®t-1^ ^ ® projective'-pairlng. fhen|l, 6, B ^ 
has property ^ 

Proof; Let jh.'l be a eonplete systsa of ooset-ropresantatives of 
S over H = S . Then li 6.H laplies h. h^ « h^* <^^(h)» whore 9^/ 
are autoaorpiiBas of H In wiew of the nonoali^ of 1 in • We can 


extend eaoh cp^ by linearity to an autooorphissa of E 1* Shen all 
the hypotheses of 2hi»or#» 3*2*6 of chapter 5 are satisfied for the 
ring R with the enhring B S^» m that {l, S^» j has proper^ ^ * 
low a slnpls iadiiett«in mi. to traasitirity relation of toorea 3*2*5f 


give us propsrty f for ^R» G, 8j * 

CoroUary 5*5 .3f If « aoB [®*S] <co toaa the projeetiw-pairtog 
of 5 SG, Bi] implies proper^ ^ for ^R# Sf B J • 



Kow w« tlMt raista aboi* tMe ee«plet»-» 

r«4ueibai,i'^ <if noditles* 

flMorara 5*3»4i Lai M and H be a ipiag viidi lueill;? eaeli 1 ft 
i« a 3 rtias*a« Km ^s, ft, H J lias propertgr ^ if a»4 oiily If 
for eeiiiy Ijnreduuible ^<HBodul.ei ‘T^ f Itbs indoBed Ift^wduXe 
is «o®|d.st«ly xsduelble orer Rft. 

Irooft Sttppoee, firstly, that for every trredoeihle IS-saodiile 

the iKidtioed KSMooduLe ^TYX^ is cojapletely rediielhle over 10* 
list © » H be a <wset-pdeeoa|fosltion of 0 over H, and 

^ ^i ^ where each ®H* fhe eoH 0 >lete-reducibllity 

r ■ Ci 

of imsHtm that P^)Tn^» 0 . 

In partieular for every a t ITl , m. sxtltsrazy la^irrediiolbls 
aodule, ( Z (l ® a) * 'Z\® ?! ® * ®* 

from tile indlependenee of ever II, we eooeliide that for each i, 
sM each a tTTX ♦ Pj^ ® * for every lI-irredTielble 

mediae 7TL * P^ “TTI * 0 for each i* asace cash p^ e lad Rft, giving 
propexrty C* for^J*, ft, Ij • 

(2 ^t« that in this part of the iwoof we tove rasither made use 
of th« nomality of ft in ft nor ^ the minism oondition on 1 ft 
Cwnrersely, let ^ 1 , ft, H j hate iroptrty ^ • fh«i 
Z p^ e Ba« P4 ^ ®®* impliee that eaoh p e lad IH* 

low Imt 'JTX he my irrednaibl# SH-module* the indoeed Ift-modhle 
nrfipmm the foraTTl- ® Z X^@7?T • Since 1 is normal in ft, 

X. ®TfX is an Bl*«odnle irr»dx»ibls over III [ 1 3 • 



Alao h £ 1 toplles h fiih) wi»r® ifl£^ £ H 

laduoaa am cp^ of B fo3p oaeB !• l« ext«ad pz 

lioaasrity. 

Them Z-W^ lapllea C 3E^ Pj^) ^ T(~^) 

• I <g) cp^ (p^) Trim I X^( 2 ) (p^) TTL , 

X X m 

i 3 

fj (p^) € Bad IS, and TTtis Bl-4iredueiU« so fj (p^) TTt- 0 
for •«MOh X aM 3* 

TkKua ( X^ p^) Tr^m 0, whioB ibaws flat lad M £ anniliii TTT. 

In Ba« 

Than by l®Ma 3.2*3 Tfl is completely reducible. 


14 13 


K. with X 


ti 




] 


md . £ B. Since each 
1 ^- 


linaJLly we gire a gr0up^4heoretic daractertsatton of 


property ^ • 

fheorom 5.5.5* 3iet R be a ring with undLly i»»d 1 be a aol^roup of 8. 


If £l, S, I j bas property 


e 


for ea^ S e'€<l) tben^B, Si 



baa property (’ • 

(Ccwwersely) If {l# 8, l| bas psroperly f daer® R i» a field, 
then for »»<* XMawal »xd»grottp S £'€(h), {^R» S, H j hm property ^ . 
Proofs Sttppoee ^S, S, 1 1 baa proper^ ^ for each S 6. (H). 

liet toe a complete aystem of ooset*repreaetttatiirea la S war 1, 

r *■ 2IX|^ PjI^ t Hed 18, wi»re each BB* (l>s»r»e that osaly a 

fialhe of »ii^*o coefficleate. 



Q 

Iiet iAi»m be 

Let be a ewaplete ayetem of coset-represeatativeB ia ® over S» 

.lun. ,, . 1. 

Siuee r £ Bad BQy bnaoe tliere exieta a Quasl^inverse r’*' of r 
im B<}t [3^ • fble x* satisfies tbs relatlmt 

I* -»• r - I*, r * 0» 

Let r* « ^ y^*q^f ebere eaela £ H S. 

Since I* 4- r • r**r « 0, ao we have on expmtAmt 

Jj (l, + r - 4 ,.r ) j yj kj - flj.r) - 0, 
where r obviously belonge to BS* 

Then frca the independence of y^ over ES» It follows ’ttiat each 
©ooffioiont of y *8 in till® last equation ia independaitly aero* 

Tbust 0 - 4 r •" q^ •3C’ * q*(^ • r) “0 for each i 1* 

11 j 

Sines 1«r is a unit in SO as r £ Sad SOf so each ® 3 t* 

Benoe r* » q^ € HS» and ar e Rad SS* 

flBsn Scoperly ^ inplies that eaeh £ Sad SS> 

sines X ,X can 1N» taJ®n as port of eoset-repreasnfcatives 

1 , 1 * 

in S over H* 

Bat, tiun, till* aa«o glTWt ian>P»rty f Ior{^l!, 8, H| . 
low nor th. other p«t ot ^ 1toeoi«, l*t S t'e(H) ho a BOMul 
Kthnoup la 0, H h. . 8, H J h«. proper^ f . If 

'Tni* »» SMxiwtoihl* ■“a-**. “»* oUlford'e a«>r.* »( C J 

patiO 343 } » yjj * ©oapletely isdnoible IS-ffloduls. 




1 •' 


' ♦ • • # f 





low lot S at Q H b« a cosat-deooapoBitioa of S over G, end 
extend this to m coset<*decoapo8ltlon G « (U y S) (G H)* of 
G over H* lot e Sad IS Ytoire each p^e SH» ^«n f rom tbo 

eoapiete-opedunlbility of Tfl^t conclude that ( ^ 

Since tills is true for an aihitxary ixreduoihle HfiNaodule 7TX > 
so e Had HG -as well. 

fhen Property ^ for G» H j laplies that each 6 
fbis, therefor®, also iaplies Proper^ ^ for^H, S, Hj • 

Q«S®'!!0er 

Iroa Ifae latter part of the proof of the above theorem we can 
easily sxtracts 

Corollary 5»5*6i If B is a field S G, then Bad 1 S S Bad 
OonOlMT 5.3 .7* H » i. 0, 1>«> WofriJ ? 

®Qy sohgroup H in G| then ^B, S, has property^ for sH 

yoT^ai subgroups S Containing I. 



5.4. CliaraBter Eemelg of Dleorete Groups* 

Lot H be a subgroup of tbe group G, F be a flsM of eharacteristie 
zerOf ^ be aa irxeduolble rei^sentatioa of G» a&d A be tbe centre 
of the ooasttitiBg ring of • 

SeiTlnltioasi 

5.4.1* ^ is said to be finite if deg^ ^ ^ • 

54.2* is said to be Strongly finite if dog ^ 

54.3* -Kernel of ^ in H ^ h in H* ^ (h ) * t» for eteiy ^ 

in^l • 

5.44. ^ (h) « ^^-Kem of ^ in H, where ^ warles orer all 

irreduoible represeatatlona of G such that deg^ y n. 
Lemm 5*5.5 (Schur)* A is a field. 

Leasua 5.44 (Aaitsur)* dog^ ^ni£t where Tl-v, is 

the l->8UbspaGe of f&y Spanned by the standaz^ 

Monomials « sgn'T is in G 

low we shall prove an important theorim as a eorollary of wMch 
the result of D*S» Bassman 'C\^A follows* 

fheorem 5.4.7* S is a subgroup of ^ Bad FG. 

Proof I *1*^1 ^ ®i ^ 

Since for every g in G we have 
So ’E-Vy^ • 

Also note that (&£ *1 ) y^ ^ BsA 

implies 'gi. ac^ (m£ -1 ) Bad f G 


fli*refo»» It Butflces to prot* that e ia ^ (h) iff (#* «l)®:-v,'SSad f6, 

for «f«iy ^ ta ^ , and for ereiy s in S. 

for this, snpposs h la in (S) and ^ an irreducible 

•a 

representatitBi of S. If deg^ > %, then ^ (h ) «» 1 or ^ (h *'l) »0, 
for .TOUT ^ IW th. drflnittai of ^ S). On tta other ^4 

if !«««» 5»4.6» »* 0» fhus in aagr ease 

H -1) ■■s^\ - 0 

Sinos ^ is arbitrary 

ft 

Therofors (h *1 ) ^ Kem » Rad fS for erory ^ in ^ • 

from this it felloes as remarked above that 

^^(S) • '2^ ^ Bad f§. 

OonTsrsely, 

Suppose Cl(^(s),'^-^^Cl, Bad fS 
This Implies (s^ -l). '^'ilad ?6 for every in ^ 

Put In fdi X Had ^ terssiaology 

of ohapter Isft-IdeaUser of in m with 

respsot to Bad fQ* ®»8a we assert that ^ a two-sided id^. 

of fS» for, clearly a left ideal of fd# 

low ^ g^-'gLvv» ^ ^ 8 ^ 8 

• « for every € 

in SAaoe clearly g 

c lad f® . g 

c. lad t® as Bad f® is a two sided 


ideal of fS* 
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Sim« tM.® i 3 true for all g iu (2, keuce by liaearity, tiiis is true 
for nil X jLu PG. fiam ‘^C'S;^e also a ri^t ideal of M i.e, 

® two elded ideal in fO* 

Seacrfc let ^ be « irreducible representatim of ® afforded by 

t’ 

Sixace ^<3c»5is a two*«ided ide^ of FS 
Ilieieforai ie a FS-siibBiod\ile of M. 

ksBmm d«g;^ y n* 

Since M 1® PG-irredxicible 
aerefor® * 0 or M. 

But by Immm& 54.6, / 0 as deg^ > n, implies'^v^'M ^ 

eo ^ Had FG. 

* 0 since ^ Had F& 

wbdoh amiabilates M irreducible 


the left ^©-module K and put ^Csi^ 



^ bence 0 

«> - »• 

SO ■% C35*^^ » 0 

low by J^ypotbeeia - 1 ie in ^ fo** ^ Ua'^ , » ia S. 

fbefeore (s^ -l) H » 0 and ibis bappens for eeery irreducible module It 

fbie iapii-«s ( s^ -t ) » 0 or (s^ ) • t 

Since ^ is an arbitrary with deg^^ > a 
.'.e i» ib (®)* 


QJg«3}. 



In Vm pcommm of proof «« tor® 

Coroliaiy 54.8* h & S^(H) Iff (h «• t ) ■'^ ‘S; Bad f a f or weiy 

'Bie rasult of B .S* BaasmsKi. 'L\^1 foUowa imi<liate3.j firoa tba a^ore 
■tbeoroa ms 

OoroIIazjr 5*4.9i if I » 0 th« fisld of ©omplox auoibars aad 
identitgr witoaoridiifia th«a 

g feS^(a) iff (1-g) ^ a# 0 

Proof* 3a this case (5G is ssMl*Biaiple aL .s* Bad OS » 0 tha rest 
follows froa ooro Llaiy 5 4 #8. 
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